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We present in detail a four-dimensional unified quantum tlieory. In tliis tlieory, we identify three 
class of parameters, coordinate-momentum, spin and gauge, as all and as the only fundamental 
parameters to describe quantum fields. The coordinate-momentum is formulated by the general 
relativity in four-dimensional space-time. This theory satisfies the general covariance condition and 
the general covariance derivative operator is given. In a unified and combined description, the 
matter fields, gravity field and gauge fields satisfy Dirac equation, Einstein equation and Yang-Mills 
equation in operator form. In the framework of our theory, we mainly realize the following aims: 
(1) The gravity field is described by a quantum theory, the graviton is massless, it is spin-2; (2) The 
mass problem of gauge theory is solved. Mass arises naturally from the gauge space and thus Higgs 
mechanism is not necessary; (3) Color confinement of quarks is explained; (4) Parity violation for 
weak interactions is obtained; (5) Gravity will cause CPT violation; (6) A dark energy solution of 
quantum theory is presented. It corresponds to Einstein's cosmological constant. We propose that 
the candidate for dark energy should be gluon which is one of the elementary particles. 
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I. INTRODUCTION 

Quantum mechanics and the relativity theory [l|, Q are well-known great discoveries in the last century. Both of 
them are so successful that they play the central roles in modern science and even in our life. In quantum mechanics, 
in order to explain a finer structure in the spectrum of hydrogen atom due to the spin of the electron, Dirac Q 
introduced his equation, the Dirac equation, by adding spin corrections to the Schrodinger equation [j]. Dirac 
equation is a quantum theory while satisfying invariance under special relativity. It describes a single-particle obeying 
both relativity and quantum mechanics and thus unifies the theory of special relativity and quantum mechanics. 

Dirac equation is extended as a quantum field theory which provides an unified description for both fields and 
particles 5, (i, 0, BH- Later, Yang and Mil ls .10,1 introduced gauge field theories. Then the Standard Model and 
the related theories [ill, [13, [13, [3, [3, [3, [13, Il8l| are proposed for elementary particles and the interactions between 
them, see Ref ^19'] for complete references. Up to then, the electromagnetic force, weak and strong nuclear forces are 
merged into a unified model. While only gravity which is one of the four basic forces in nature remains outside of this 
unified framework. 

In the past decades, much effort has been put into studying how to combine quantum mechanics with general 
relativity into a quantum theory of gravity. This is because that on the one hand, we would like to find a unified 
final theory [20j , and on the other hand, this theory can describe systems where both quantum mechanics and general 
relativity are important, for example in black hole or the early stage of universe. 

Our start point is the general relativity, particles and fields are set of "events" which is a concept coined by Einstein 
to emphasize space-time. We propose a quantum theory of general relativity, an "event" is described by not only 
a complete set of canonical coordinates and canonical momentum of 4D space in operator form but also by 

spin operators s^,y and gauge charge operators Ta- These operators are covariance and constitute a Lie algebra. In 
our work, events are quantum states of elementary particles. We then define a covariance derivative operator in the 
sense of event with vierbein and connections of general relativity. Thus Einstein equation of general relativity, Dirac 
equation and Yang-Mill equation are all reformulated by the covariant operators. This provides a unified framework 
of quantum mechanics and general relativity. 

We next clarify four questions concerning about our theory. Firstly, what is the structure of the theory? Secondly, 
what is new in the theory? Thirdly, why is the theory correct? Fourthly, any results from this theory and is this 
theory necessary? 

Our theory can be simply summarized as (1) representations, (2) equations and (3) observable quantities. Conse- 
quently the structure of our theory can be described similarly as: (l)Representations: In the language of quantum 
field theory, "particles" are dealt like "fields" . Fields are represented by quantum states with three class of indepen- 
dent parameters, coordinate-momentum, spin and gauge. The forces are represented as operators. (2) Equations: All 
fields, gravity field, matter fields and gauge fields, which already have the representations, satisfy three fundamental 
equations, Einstein equation, Dirac equation and Yang-Mills equation, all in operator form which is the standard 
of quantum theory. (3) Observable quantities: With equations and representations, we may construct quantities 
which are related with observable interactions and observable physical quantities such as current densities, particle 
production rate density and scattering of particles. 

As is well-known, it is obvious not easy to find a unified quantum theory. Then what is new in our theory? 

In the framework of general relativity, there is no absolute space and time. The space and time are dealt sym- 
metrically and constitute together to be a four-dimensional space-time. In comparison, in conventional theory, time 
is generally special which is different from the three-dimensional space. For example, the evolution of particles is 
depicted by a world-line in three-dimension space as time passes. In order to propose a unified theory of general 
relativity and quantum mechanics, we should start directly from the four-dimensional space-time. In our theory, 
coordinate-momentum space is the four-dimensional space of the general relativity. In this sense, we mean that our 
theory is a four-dimensional theory. 

A quantum theory compatible with the general relativity should satisfy the general covariance condition. Our theory 
is a general covariant theory where three fundamental equations, quantum states, operators, current densities and all 
other quantities satisfy the general covariance condition. So instead of gauge invariance condition for conventional 
quantum field theory, one new feature of our theory is that it satisfies the general gauge covariance condition. Due 
to the general covariance condition, mass can not be defined through momentum like p^p'^ = m?. Mass- matrices 
m, M are defined in the gauge space which is another new feature of our theory. Since mass naturally arises from the 
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gauge space, the Higgs mechanism seems not necessary in our theory. In particular, for massless particles, the gauge 
condition is arbitrary such as for electromagnetic field, but for massive particles, the gauge will not be arbitrary. 
Next, we would like to show the evidences that our theory is correct. 

The most important point that our theory is correct is that all fundamentals of our theory, more or less, are well 
accepted while all results of our theory agree well with the basic physics facts and are reasonable. The key result 
of our theory is that with suitable representations, three fundamental equations, Dirac equation, Einstein equation 
and Yang-Mills equation in operator form are all self-consistently presented. This is not a coincidence. We all agree 
that those three equations are the cornerstones of modern physics. We do not change the spirit of those fundamental 
equations, but present them in a unified and combined form. From our theory the graviton is found to be massless 
which can be considered as the benchmark to test a quantum theory with general relativity. The gauge charge 
representations of our theory agree with the basic results of the elementary particles scattering process obtained by 
Feynman diagram method. Our results agree with the Standard Model except that we do not have Higgs mechanism. 

Finally, we would like to point out that our theory is powerful. Some important results can be explained and 
obtained easily in this theory such as color confinement, parity violation for weak interactions, gravity can cause CPT 
violation, a dark energy of universe solution. With a completely new platform, we expect that answers may be found 
for some other unsolvable problems. So our theory is not only necessary, but also we hope that it may provide a new 
foundation for quantum physics. 



A. Brief explanation of the concepts in this work 

In quantum field theory, particles and fields are generally dealt in an unified description. In principle, we accept 

this framework. However, there arc also some subtle differences for particles and fields in this work. We consider that 
fields are described as the vectors, while particles are the quantum states acting as basis of the vectors. So fields are 
the expansions in terms of the particle states in the superposition form like \^) = J ^^*{p)\est{p)d'^P- Particles as 
the elements constitute the fields as the whole. The motion equations of fields arc described by the fields equations 
in operator form, in this work these equations are three fundamental equations, Dirac equation, Yang-Mills equation 
and Einstein equation. The evolution of fields can be explained as propagation, scattering, creation and annihilation 
of particles while all of these processes should rely on those three fundamental equations. 

The quantization of fields generally means finding a complete set of canonical coordinate-momentums and changing 
them as the corresponding operators. In this work, we still keep the spirit of this concept, additionally, the three 
fundamental equations are in operator form as generally expected. 



II. COORDINATE AND MOMENTUM 
A. General covariance and commutation relation 



In the framework of general relativity, the space-time is in 4D space. We consider a 4D quantum mechanics, the 
coordinate and momentum are denoted as and p"^, [fi, v = Q,1, 2, 3), which as usual satisfy the relations 

= -i5>i, (1) 



= [P/.,P.] = o. (2) 

Suppose F{x) is an analytic function of 4D space-time coordinate x, i.e., F{x) can be expanded in terms of x by 
Taylor expansion. We can prove that F{x) satisfies the commutation relation 

\p^^^ns^)]=i^n3=)- (3) 

The coordinate- momentum algebra is constituted by coordinate f , the momentum p^ and the unit operator 1, 

Axp = {Zxp ■■ Z^p = a^i^ + b'^p^ + a; a^, a € R}. (4) 

This algebra is a 9D Lie algebra. 

The coordinate- momentum group G^p is the Lie group corresponding to Lie algebra A^p, 

Gxp = {Uxp ■■ Uxp = eyiv[i{aixX^ + b^Pix + ")]; O/., b^", a G i?} (5) 



5 



The group Gxp is a 9D non-Abelian Lie group manifold. Four elements of coordinate x, four elements of momentum 
p and the unit identity 1 constitute the generators of this group. The geometry structure of coordinate-momentum 
group Gxp can provide the geometry structures for quantum space-time and quantum energy-momentum. 

We next define the general covariance law in quantum case. In our quantum theory, x*^ and are not orthogonal 
basis for coordinate and momentum, respectively. They are general covariance coordinate and momentum. Coordinate 
f should satisfy the quantum general coordinate transformation and inversion transformation which are written as. 



(6) 



Corresponding to general coordinate transformation, the transformation and its inversion for general momentum are, 

(7) 
(8) 

We can find that for general coordinate transformation, the commutation relations of coordinate and momentum are 
invariant, 
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(9) 



The proof of this result can be found by simple calculations. 
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(12) 



When an equation is unchanged under the quantum general coordinate transformation, we say this equation is quantum 
general covariance. In our theory, we demand that all physical equations, operators and quantities be quantum general 
covariance. This can be looked as a generalization of the classical general covariance to quantum case. The quantum 
general covariance is a condition to has an unified description of general relativity and quantum mechanics. 

The three types of particles, matter particles, gauge particles and graviton, all have their coordinate-momentum 
representations. Next, we will consider their coordinate-momentum properties. 



B. Coordinate-momentum representation of the matter particles 



The coordinate-momentum basis for matter particles can be denoted as 

\x) = \x°) ® \x^) ® \x'^) ® \x^), 



(13) 
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where \x°), \x^), are eigenvectors of ^, and the eigenvalues SifG X J X ^ X J X ^ € R, respectively, 

x^'\x)=x^'\x). (14) 

For momentum operator, we have. 

The adjoint of basis \x) is denoted as (a;| = \x), and they satisfy the relations, 

{x'\x) =d^ix-x'), (16) 
{x\d'^x = 1. (17) 



Similarly, for momentum basis, we have. 



|p) = bo)®|Pl)0|P2)®|P3), (18) 

where are eigenvectors of p^, and the eigenvalues arc G i?, (/x = 0, 1, 2, 3), respectively, 

pM = (19) 

= / i^6^{p-p')\p')dy. (20) 

The adjoint basis (p| = \p) satisfies the relations, 

{p'\p)=SHp-p'), (21) 

/ \p){p\d^p=l. (22) 
Jr* 

The transformation between coordinate and momentum takes the form 

{x\p) = {p\x)* = (27r)-^exp(-ipa;). (23) 

C. Comparison between the quantum mechanics and the unified theory 

The main difference between our unified theory and the quantum mechanics is that the time parameter is dealt in a 
different way. In our theory, space and time are symmetric and should satisfy the general covariancc condition in the 
framework of general relativity. While in quantum mechanics, the time is used to describe the motion of particles, in 
principle, the time is in a different position from space parameters. Here for completeness, we briefly list some results 

of quantum mechanics. 

In quantum mechanics, the 3D coordinate and 3D momentum parameters are in symmetric positions, and should 
take the following form 

[xi,Pj] = iSij, (24) 

Xi\x) = Xi\x), (25) 

P.Ip) = pM, (26) 

{x\x') ^ S^{x-x'), (27) 

(pV) = S^'ip-p'), (28) 

j \x){x\d^x = 1, (29) 

J \p){p\d^p = 1, (30) 

{x\p) = (27r)"5 exp(-ip- x). (31) 



7 



If wc consider the role of time, we need to introduce the moving pictures depending on time, Heisenberg picture, or 
instead the Schodinger picture. The time-translation operator is introduced as 



exip{—iHt), 



(32) 



where H is the Hamiltonian. The time evolution of the operators such as Xi{t),Pi{t) and the quantum states \x, t), |p, t) 
are defined as 



Xi{t) = exp{iHt)xie'xjp{—iHt), 
Pi(t) — exp(iHt)piCxj>{—iHt), 

\x,t) = cxp(—iHt)\x) , 
\p,t) = cxp{-iHt)\p). 

When the time t are the same, operator Xi{t),Pi{t) and the quantum state \x,t), \p,t) satisfy the relations. 



Xi{t)\x,t) 

{x,t\x',t) 

{p,t\p',t) 

\x, t){x,t\(fx 



I 



Pl\p,t), 

5^{x-x'), 
5Hp-p'), 

1, 

1, 



{x,t\p,t) = {2'k)~^ exp{—ip- x). 



(33) 

(34) 

(35) 
(36) 
(37) 
(38) 
(39) 

(40) 

(41) 
(42) 



In quantum mechanics, the transformation between eigenvectors with different time can be represented as the 
path-integral: 



{x',t'\x,t) = {x'\exp[-iH{t-t')]\x) 



J Dxexp i J L{x,x,t)dt 



(43) 



where L{x, x, t) is the Lagrangian of the system; Dx means to make integral for all possible paths. 
Here let us list the differences between our theory and the standard quantum mechanics, 

1. Time is dealt differently, as we already mentioned. 

2. Energy is dealt differently. In our theory, the energy is dealt as an element of 4D energy-momentum tensor. 
Thus the energy and momentum are in symmetric positions. In quantum mechanics, energy is used for the 
Hamiltonian which is a function of coordinate, momentum and time. The Hamiltonian determines the motion 
property of the system. Hamiltonian is symmetric with the 3D momentum. 



3. In our theory, we have an unified orthogonal equation 

{x'\x) = 5^{x-x'). 



(44) 



For comparison, in quantum mechanics, the orthogonal equations are satisfied when time are equal. For different 
time, the path-integral are used. 



{x',t'\x, t) 



5^{x-x'), t'=t 

J Dxexp i J L(x,x,t)dt 



t' 



(45) 



4. In our theory, we have the general covariance condition. 



D. Coordinate-momentum state of the matter particles 

A coordinate- momentum state of matter particles can be expanded in terms of coordinate \x) or momentum |p), 

1*)=/ ■^{x)\x)d'^x= ( (46) 
Jr^ Jr* 

where ^'(.x) and 'i'(p) arc coordinate state functions and momentum state functions. They are complex functions and 
connected through Fourier transformation, 

= (a;|*) = (27r)-2 /" ^{p) exp{-ipx)d^p, (47) 
*(p) = = (27r)-2 / ^{x)exp{ipx)d^x. (48) 

jR't 

The actions of coordinate and momentum operators on the state take the form 

^''1*) = / x^^{x)\x)d'^x = [ -i^^{p)\p)d^p, (49) 
Jr* jr* oPu 

p^l*) = J^^ ^ A^(a;)|a;)rf43. ^ J^^p^^(p)\p)d^p, (50) 

The calculations concerning about adjoint state (^'| of state l^*) are standard, the results are listed below: 

(*| =f*) = [ il/*{x){x\d^x 
Jr* 

= I ^*{p){p\d\ (51) 
Jr^ 

**(x) = = (27r)-M ^*{p)exp{ipx)d'^p, (52) 

$*(p) = (^r|p) = (27r)-2 / ^*{x)exp{-ipx)d^x. (53) 

jR't 

The action of the coordinate and momentum operators on the adjoint state can be represented as 

(*|:e''= / x^'^*{x){x\d^x= f i^^(p)(j)\d^p, (54) 

jR't jR-i OPfi 

= j^^ -i-^^*{x){x\d^x = J^^p^^%p){p\d^p. (55) 
The inner product can be defined as 

(*|$) = ($1*)* = / ^*{x)<^{x)d^x= [ ^*{p)¥p)d*p. (56) 

jR't Jr* 

The representation space of coordinate-momentum for matter particles is a linear space in support of coordinate 
basis and momentum basis \p). So the space of the representation Vxp{M) of coordinate and momentum for matter 
particles is 



Vxp{M) = ||M/) : 1*) = J^^ ^{x)\x)d''x 

= ||*):|*) = ^^$(p)b)d^p| (57) 



Similarly for adjoint representation, we have 

V,p{M) = {{^\: (vj-l = / ^*{x){x\d^x 



R* 



|(*|:(*|=y^^vl>*(p)(p|d4p| (58) 



E. Matrix representation of coordinate-momentum 

The matrix representation of coordinate-momentum operators on their basis can be written respectively as 

xi" = [ [ x''d^{x-x')\x'){x\d'^x'd'^x 

= 11 -i^S\p-p')\p'){p\dS'd^p; (59) 
Jii* Jr* opfj, 

= I I i^5\x-x')\x'){x\d^x'd^x 
Jr^ Jr'^ (^^^ 

= 11 P^.S^{p-p')\p')(p\d^P'd^P; (60) 

JR^ Jr* 



The adjoint matrices are 



xi^ = (i^)t = (61) 
Piu. = {P/u.)^ = Pi^, (62) 



Wc now consider the general operator, its matrix representation and the corresponding representation space. A 
linear operator on coordinate-momentum space can be represented as, 

A = f f A{x',x)\x'){x\d^x'd^x= f f A{p',p)\p'){p\d^p'd^p; (63) 

A{x',x) and A{p',p) are elements of the coordinate-momentum representation matrices of operator A, 

A{x',x) = {x'\A\x) = {2tt)-'^ [ [ A{j>',p) exp{ipx - ip'x')d^p'd^p, (64) 

A{p',p) = {p'\A\p) = (27r)-'* / / A{x', x) exp{-ipx + ip'x')d'^x'd^x, (65) 

Jr* Jr* 

The space of the representation is the space in support of |a;')(a;| and 

O^p = i^A:A = J A{x',x)\x'){x\d^x'd^x^ 

= |i : i = J^^ I(y,p)b')(p|rfVA| • (66) 

The space Oxp can be represented as the direct product of 14p(M) and Vxp{M), 

Oxp = Vxp{M) Vxp{M) (67) 

F. Representation of coordinate-momentum of the gauge particles and the graviton 

The gauge particles and the graviton have property of coordinate-momentum. Since they are related with forces, 
there are operators related to them. For operators, the representation basis is 

e{x)=6^ix-x)= f 6^{x' -x)\x'){x'\d^x' = \x){x\. (68) 
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The coordinate basis i{x) has the following properties: 



e{x) = s{x) 

\pu, i{x)] = J ^ i-^5^{x' - x)£{x)d'^x', 

i{x)i{x') = e{x')e{x) = 5^{x — x')i{x), 
tre(x) = tv{\x){x\) = 1, 

(e(x),e(x')) = tr[l(^e(.T')] = d^{x - x'), 
i(x)\x') ^dHx-x')\x/), 

(*|e(x)|i>) = (69) 
The definition of the momentum basis and its properties are listed below, 

e(p) = (27r)~^ exp(— ipi) = (27r)~^ / exjp{—ipx)\p')(p'\d'^p' 

i{p) = i{-p) 
[x^,i{p)] = 0, 

e{p)e{p') = e{p')e{p) = {27r)-^ i{p' + p) , 
tre{p) = {2^f5\p), 
{s{p'), e{p)) = tr[l(7)^(p)] = 5\p - p% 
i{p)\p') = (27rr'b' +P), 

= ^*{p) * (70) 

where * means convolution, 

^*{p) * $(p) = (27r)-2 / ^*{p')^p-p')dt^p'. (71) 

The transformations between basis of coordinate and momentum are 

{£{x),e{p)) = (£(p),£(a;))* = (27r)"2exp(-ipx), 

£{x) = (27r)^^ / cxjp {ipx)£{p)d'^p; 

i{p) = (27r)-^ / exp{-ipx)i{x)d'^x. (72) 

For gauge particles and the graviton, their coordinate-momentum operator F can be expanded by the basis of £{x) 
and i{p), 

F = [ F{x)e{x)d'^x = [ F{p)e{j))d'^p, (73) 
where F{x) and F{x) are coordinate and momentum functions, they are related by the Fourier transformation 

F{x) = (27r)-2 / F{p)exp{-ixp)d'^p, 

F{p) = (27r)-^ / F{x)ex^{ixp)d'^x. (74) 

The adjoint operator of F is, 

F = / F*{x)i{x)d'^x= I F*{-p)i{p)d^p. (75) 

Jr^ Jr'^ 

Next let us list some properties of the coordinate-momentum operators for gauge particles and graviton: 



1. Commutation relations, 

[f^F(f)] = o, 



2. Product between operators of gauge particles and graviton 



where the convolution takes the form 



3. Trace. 



FG = GF= [ F{x)G{x)i{x)d'^x = [ F{p) * G{p)i{p)d\ 
Jr^ Jr* 

le form 

F*{p) * G{p) = (27r)-2 / F*{p')G{p - p')dy . 
Jr* 

tiF = / F{x)d^x = (27r)2F(0) 



4. Inner product. 



{Fix),Gix)}^ f F*{x)G{x)d^x= f F*{p)G{p)d^p, 

JR* jR'i 

5. Action of operators on the state. 

F|*)= / F{x)'^{x)\x)d^x = f F{p)*^{p)\p)d'^p, 
Jr* Jr* 

where convolution is used. Similarly, we have equation for adjoint case, 

= / '^*{x)F{x){x\d'^x= I ^*{p)*F{p){p\d\ 

JR* JR* 

6. Representation space for the coordinate-momentum of gauge particles and graviton. 



VM = V,p{G) = !^F : F = J^^F{x)i{x)d^x^ 



F{p)i{p)d^p 
fl4 J 



7. Action multiplication of two matter fields is defined as 

|^r)o($|=/ ^*{x)'^{x)i{x)d^x= [ $*(p)**(p)£(p)dV 
Jr^ Jr^ 

It defines the action fields. There are several properties for this action multiplication, 



|f)o($| = |$)o(vl/|, 
tr(|f)o($|) = ($!*), 
F(i;)(|M/)o($|) = {F{x)\^})o{^\ 

= mo{^\)F{x), 

[p^, 1*) o ($|] = (p^l*)) o ($1 - o 
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The partial derivation operator is defined as, 

4 = -ih- (90) 
It's action on a state and its adjoint can be calculated as, 

5^1*) = j^^^^{.x)\x)d*x = j^^-ip^^{p)\p)d^p, 

= - l^^^^i,*{x){x\d''x = J^^-ip^^*ip){p\d^p. (91) 

The commutation relations for gauge particles and the graviton and the Leibniz rule are presented as, 

= / -ip^F{p)e{p)d^p (92) 

[d^,FG] = [d^,F]G + F[d^,G] (93) 
djF\^)) = [d^,F]\^)+F{d^\^)), (94) 



((*|F)a^ = (95) 

[d^, ($1*)] = ($1 (SJ*)) - I*) = (96) 

III. SPIN 
A. Spin algebra 

In our theory, the spin is one of the fundamental parameters of fields and operators. In 4D space-time, we use 
notations Sap, {cx,P = 0,1,2,3) denote the spin operators which are antisymmetric Sa0 = —spa and satisfy the 
commutation relation 

[Sa/3, Spa] = -iiVapS/Scr - V/ipSaa + VaaSp/} - VffaSpa), (97) 

where is the Minkowski metric defined as 

Voo = 1, 

Vij ~ ^ij ? 
VOi = ViO = 0, 

V"'' = (98) 

The spin algebra is represented as the direct summation of two Lie su{2) algebras. The new-defined 6 operators 
constitute a basis for spin algebra Ag 

1 i - 

M-i = -EijkSjk + -Soi, 

1 i 

= -^^ijkSjk - 2^0i, (99) 
where k = 1,2, 2),£ijk is the Levi-Civita symbol. Mj and iVj satisfy the commutation relations 

[Mi,Mj] = isijkMk, (100) 

[Ni,Nj] = iSijkNk, (101) 
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[Mi,Nj\ = 0. (102) 

One can find that three Mi and three Mi constitute independently a su{2) algebra, named usually as left-spin algebra 
and right-spin algebra, respectively. Spin algebra can be represented as the direct summation of two algebras su{2)l 
and su{2)r. 

As = su{2)l ® su{^)r (103) 
The spin angular-momentum operator Saj3 can be represented in terms of Mj and Ni as 

Sij = SijkiMk + Nk), 

soi = -i{Mi-Ni) (104) 

B. Irreducible representations of left and right-spin algebras 

Left-spin algebra is a 5^(2) algebra, the irreducible representation space is VL{ji), where ji = 0, |,1,|,..., the 
dimension is 

dimVL(ji) =2ji + l. (105) 

The basis of the representation is denoted as |ji, mi), (mi = — ji, —ji + 1, ji), it is the eigenvector of the operator 
Ms, 

M3\ji,mi) = mi\ji,mi). (106) 

Similarly for right-spin algebra, the irreducible representation space is denoted as Vii{j2), {j2 = 0, ^, 1, |, ...), and 
the dimension is dimVz:,(_7i) = 2ji + 1. For representation basis ^2,1^2), (m2 = —j2, —32 + 1, •••,^2), we have 

-^3|i2,m2) = m2|j2,m2). (107) 

The irreducible representation of spin algebra As can be represented as the direct product of the irreducible 
representations of left-spin algebra and right-spin algebra, 

Vs{ju32) = VL{ji) ® VR{j2). (108) 

Apparently, the dimension of the irreducible representation is 

dimVs{ji,j2) = (2ii + l)(2j2 + 1). (109) 

The basis of the representation space of spin algebra can be simply taken as 

\ji,mi;j2,m2) = |ji,mi) (g) |j2,m2). (110) 
It is known that those basis are the eigenvectors for S12, §03 

si2|ji,mi; j2,m2) = (mi -|- m2)|ji,mi; j2,m2), 

S03|ji,TOi;j2,m2) = -i{mi - m2)\ji,mi;j2,m2}, (111) 

C. Spin of matter particles 

Representation space for spin of matter particles Vs{M) is the Dirac spinor space, or simply spinor-space. The 
spinor space can be represented as the direct summation of two irreducible representation space: 

Vs{M) = Vs{^,0)®VsiO,\), (112) 

where Vs{^,0) is the left-spin space, and Vr(|,0) is the right-spin space. The total dimension of spinor space is 

dimVs{M) = diml^s(i, 0) + dimyfl(0, i) = 4 (113) 
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The basis for spin of matter particles is denoted as |es) (s=l,2,3,4), the definition for this basis by standard basis 

\ji,mi;j2,m2) is 

|ei) = l^>^;o>o), 
|e2) = |i -^;0,o), 

lea) = |0,0;i i), 

|e4) = |0,0;^,-^), (114) 

where |ei), |e2) are the basis of left-spin space Vs(^, 0), and similarly jea), jea) are the basis of right-spin space 1^(0, 5). 
The spin state of the matter particle is represented as 

ys(M) = {|*):|*) = *«|e«)}, (115) 

where = (esl^*), and (es| is the adjoint of le^). 
Here the adjoint of |es) is defined as 

(e«|=R). (116) 
The inner-product for jcg) and its adjoint is defined as 

(e,|e,.) = (7°),,.. (117) 
Thus the spinor metric defined by the inner product of basis, which is the parity matrix, takes the form 



9 = 7° 



ai®ao= ( ^ )' (118) 



(TO 

where ao is the identity in 2D. Also please note the lowering or rising of the indices can be reafized by the metric. 



{e^\=g-^^e,.\^r\e,,}, (119) 

and 

{e^\es')^6t,, (120) 

\es)®{e'\=i. (121) 

The spin of matter particles is the spinor in spinor space Vs{M) which can be expanded in basis of spinor, 

|*)=*1e«), (122) 

where = (e*|*). The adjoint of |*) is )^'| which has the form, 

(*l=M = *:(e1, (123) 
where = (^'le^) = (esl^*)* = Qss'^*^- The inner product of the two spinors \^) and |$) is defined as, 

(*|$) = ($1*)* = **$^ 

= gss'^*'^''. (124) 

D. Matrix representation of the spin 

Spin operator Sa/3 with basis |es) can be represented by matrix as 

Sap = (Sa/3)y |es) (g) (e'' I, 
{Saf3)l, = (e^|sa/3|e.'). (125) 
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Explicitly, the spin angular-momentum operators are 4x4 matrices with the form: 



where a'^ are the 2x2 Pauh matrices. 

The Hermitian conjugate of the spin operators are 



cr'= 

a'' 
a'' 

-£7*= ' ' 



(126) 



Also we have 



The adjoint of these operators are 



-Sofe- 

= 0, 
{9,sok} = 0. 



Sij — 
SOk = 



those equation can be written as a concise form 

Saf3 

The chiral charge 7^ in basis |es) is defined as 



9~^^lk9 = ^ok, 



9 ^sl^9 = Sa0- 



We also have the properties 



7 



5^t 



ao 
ao 



75 ^ ^-l(^5)t^^_^5^ 

7° = g-'iiyg^f 

The left-chiral projector and the right-chiral projector are defined as 



Pl = 2(1+7'), 



(127) 



(128) 



(129) 



(130) 



(131) 



(132) 



(133) 



These two operators project a 4D space to 2D chiral left or right spaces, respectively, and they have the properties, 

Pl + Pr = 1, 

PlPl = Pl, 

PrPr = Pr, 

PlPr = PrPl = 0. (134) 
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E. Dirac matrices 

There are 16 Dirac matrices with 4x4 acting on 4D space. Those Dirac matrices are divided into 5 groups. 1 

rank-0 antisymmetric metric 7, 4 rank-1 antisymmetric metrics 7""^, 6 rank-2 antisymmetric metrics ^"i"^^ 4 i-ank-3 
antisymmetric metrics ^"i^aaa a^j^j i rank-4 antisymmetric metric ^"i"2a3a4_ Those 16 matrices can be represented 
as the following by basis le^), 

7 = ao®ao=( Q 



7 



,0i 



CTi (To = 
i(T2 (S) (Tj = 



<T0 

ao 

Ui 
-Oi 

<Ti 

-a. 



7 



^123 

,0123 



/ (7fe 

/ n - 

= — ic72 (S) (To = 



-(To 
(TO 



• ^ . / ao 

= -^a3®(To = -*{ Q 



where (Tq is a 2 x 2 identity, (Tj, (i=l,2,3) are Pauli matrices. 

We next introduce an unified notations to denote Dirac matrices 7° 



7' 



,ai...aj, _ ^5P(p-l)i_^ai...ap^pi___^pp 



,1 P^- 



where p = 0, 1, 2, 3, 4, dpl'.'.'p^ are the generalized Kronecker matrices defined as 



xai...aj, _ 



"pi 



(135) 



(136) 



(137) 



It will be 1 when the upper indices and the lower indices are even permutations, -1 for odd permutations, and for 
other cases. 



tner cases. 

The Dirac matrices with upper indices are called inversion 
matrices can be defined as 

Compared with the representation matrices of Saff, we can find 



Dirac matrices. By spin metric rjaff, the covariance Dirac 



We next present some properties of the matrices a: 
1. Anti-commuting relation 



Sa/3 = ^VaplfSaY" = ^7a/3- 



2. Commuting relation 



-4is 



.al3 



(139) 

(140) 
(141) 
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3. Product relation 

7^7/3 = gO'P _ 2jj«/3 (142) 

4. Unitary relation 

(^a)t = (^a)-l = = (143) 

5. Adjoint matrices 

^ = 7°(7")t(70)-i = -7« (144) 

6. Commuting relation with spin operator s^/j, 

[sap, 7l = ^(^^7a - ^1%) = iVprS'Jf^SZr- (145) 

7. Trace is zero 

tr-y" = 0. (146) 

8. Orthogonal condition 

{%,¥)= tT[%^^] = -4St (147) 

The properties of the Dirac matrices: 

1. Unitary 

(^a,...a,)t = (7"--^)-i =7,,...„^ =ry,,^, ...^,^^^7/5--/3. (148) 

2. Adjoint matrices 



(7«i-«p) = 70(7"i-"p)(f' )-i = (_i)P7"i-«P (149) 



(7a....aJ = 7°(7a....aJ(7°)-' = (-l)^7a....a, (150) 

3. Commutation relation with spin Sa/d, 

iw"'-""] = ^VprS'J^iS^'r■■''''+■■■ + 6^''r'■■■l, (151) 

[Sa/3,7ai-ap] = -«f?/9r'5a^(<5ai7<T . ap H 1" ^ap7ai-a), (152) 

4. Trace 

try = 4 

tj.7"i-"P = 0, (p^O) (153) 

5. Orthogonality 

(7a,...a„7^^-''' = tr[^;::^7''"-^^] = i-mSpXl'-tl. (154) 
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F. Tensor representation of the spin algebra 

The tensor representation of the spin algebra can be listed from rank-0 to rank-4, we then use a general form to 
summarize these representations. 

The rank-0 anti-symmetric tensor is actually a scalar representation, the representation space is denoted as ATg (0) = 
Vs{0, 0), the dimension of the space is dim[AT5(0)] = dim[Vs(0, 0)] = 1. The representation basis is 7, so the 0-order 
antisymmetric tensor is represented as 

k = Kj (155) 

Similarly for rank-1, we have 

ATsil) = Vsi^^l) ^^^^^ 

dim[ATs(l)] = dim[l/s(^,^)] =4 (157) 

K = Kaj". (158) 

And further for rank-2, the results are, 

ATs{2) = As = VsiO,l)(SVsil..O) (159) 

dim[^Ts(2)] = dimA^ = dim[Vs{0, 1) © Vs{l,0)] = 6 (160) 

K = ^,K^pT^. (161) 



The rank-3 results are, 



ATs(3) = Vs{\,\) (162) 
dim[ATs(3)] = dim[ys(^, ^)] = 4 (163) 
K = l^K^f^-yr"''- (164) 



And for rank-4, we have 



ATs(4) = Vs(0,0) (165) 
dim[^rs(4)] = dim[ys(0,0)] = 1 (166) 

K = ^K^0^sr^^'. (167) 
The summarized form for rank-p tensor can be written in the following, the space is ATs{p), 

dunlATsip)] = ^y^^ (168) 

k = (169) 
pi 

The anti-symmetric tensor representation of the spin algebra can be represented as a direct summation of the rank-0 
to rank-4 anti-symmetric tensor. 

4 

ATs = J2®ATs{p). (170) 

p=0 

The dimension of the space can be calculated as 

4 4 I 

dim[ATs] = J2 dim[ATs(p)] = = 16 (171) 

p=0 J3=0^'^ 
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The representation space is the direct summation of spinor space and the adjoint spinor space: 

ATs = Vs^Vs (172) 
We should note that the space for spin of the gauge particles is the 16D space for spin antisymmetric tensor, 

Vs{A) = ATs. (173) 

G. Mixed tensor representation of the spin algebra 

The (p,q) mixed tensor representation of the spin algebra is the direct product of the rank-p and rank-g antisym- 
metric tensor representations, 

MTsip, q) = ATs{p) ® ATsiq). (174) 
The dimension of the representation space is 

dim[MT5(p, q)] = dha[ATs{p)] x dun[ATs{q)] = _ ^'j',^;^^ _ • (175) 

The basis of the representation is 

iT.--^: = r'---"'''^i0.--0., (176) 

which is a 16 X 16 matrix. The commutation relation takes the form 

- ^v,r5'x%::X + • • • + - ^X.::^ ^ix^l-.T) 

This {p, q) mixed tensor representation includes all tensor representation of spin algebra, while rank-p antisymmetric 
tensor representation can be dealt as a (p, 0) or (0,p) form mixed tensor representation. The (p, q) mixed tensor takes 
the form 

^ = ■■A (178) 

The mixed tensor representation of the spin algebra is represented as the direct summation of all (p, q) mixed tensor 
representations, 

4 

MTs= ®MTs{p,q). (179) 

p,q=0 

The dimension is 

dim[MTs] = diHMTsip, q)] = j^^ ^,(4 _ ^)!'i(4 _ = 256. (180) 

The basis is 7^^...^", (p, ? = 0, 1, 2, 3, 4). The mixed tensor space is a direct summation of two antisymmetric tensor 
space, 

Vs{G) = MTs (181) 
We should note that the space for spin of the gravity particle is the 256D mixed spin tensor space. 

Vs{G)=MTs (182) 
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H. Some fundamental calculations of the spin tensor 

1. Exterior product of the antisymmetric spin tensor. Similar as in differential geometry, the exterior product of 
two basis can be defined as 

^ai---«P /\ ^/3i---/5<i _ ^«i---ap/3i---/35 (183) 

So the exterior product of two antisymmetric tensors will take the form 

KAH={^K^,...a,r'--'^'')/^{^H0,.^^^^^^ (184) 

Thus the exterior product of a p-form antisyminctiic tensor and a g-form antisymmetric tensor is a p + g-order 
antisymmetric tensor. The 16D antisymmetric spin tensor space is closed for exterior product. 

2. Tensor product for the antisymmetric spin tensor. 
The tensor product obeys the following role, 



3. Scalar product of rank-1 spin tensor. The scalar product of two rank-1 Dirac matrices is defined as, 

7" . 7/3 = T]"'!^. (187) 

It is known that 1]"^^ is the Minkowski vicrbcin, also named as free vierbein, so 7" are orthogonal. The scalar 
product of two 1-form spin tensor is written as: 

K-L = rj^'^Kc.Lp. (188) 

4. Contraction calculation for mixed tensor. With the form of free vierbein r]"^ , we can define the contraction 
calculation for mixed tensor. First, the contraction of the (p, q) mixed tensor basis {p, g > 1) is defined as 

So we can define the contraction of (p, q) mixed tensor, {p,q> 1), 

con^ = -n(^<:t:7;;.7;) = im 

After the contraction calculation, the {p, q) mixed tensor is reduced as a (p — 1, g — l)-tensor. 

5. Lowering and rising of the indices of the spin tensor. By using the product of the inversion Minkowski vierbein 
r]"^^ and covariance Minkowski vierbein 77^/3, we can realize the lowering and rising of the indices for spin tensor, 
we use the antisymmetric tensor as the examples, 

7ai...ap = Va,0^---Va^0^l'^'"''^'' (191) 

k = lif„^...„^^"i"p = lif«--.^„^...„^. (193) 

For lowering or rising of the indices, the rank of the indices remains unchanged. One spin tensor may have 
different indices representation, they may be used for different purposes. 
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IV. GAUGE CHARGES 



As we pointed out that gauge is one fundamental parameter in our theory, we next consider the properties of 
gauge charges. Also wc would like to emphasize that mass matrices arc defined in gauge space in our theory. The 
conventional gauge theory generally satisfies the gauge invariant condition. Our unified theory satisfies the general 
covariance condition which releases the previous restriction. Thus mass arises naturally. 

What we study is the all elementary particles and the interactions between them. The elementary particles are 
divided into three families as matter particles gauge particles {A) and graviton (g). They satisfy Dirac equation, 
Yang-Mills equation and Einstein equation, respectively. In this work, we will present an unified quantum theory for 
those equations 

Matter particles (^) include quarks and leptons each class have 6 types depending on mass and electric-charge. 
Each type of lepton also has isospin singlet state and isospin doublet state, so leptons have 12 states, altogether. Each 
flavor of quark has three color states, each color has isospin singlet state and isospin doublet state. So quarks have 
36 states. Thus matter particles have 48 states. Note that the spin of matter particles is 1/2 described by a 4D Dirac 
spinor 

Gauge particles (A) are divided into photons, three types of weak gauge bosons and eight types of gluons. Photon 
has no mass, and gluons are generally assumed massless. However, the massive gluons are allowed in this theory. 
We will find that gluon might be related with dark energy of universe, its mass is very small. The masses of weak 
gauge bosons are mz,mw+,iTiW- corresponding to three types of bosons Zq,W+,W-, respectively. We also have 
mw+ = triw- = mz cos 6 w, where 9^ is Weinberg angle. The spin of gauge particles is 1 corresponding to a 4D 
vector. 

There is only one type of graviton [g), its mass and gauge charge are zeroes, the spin is 2 in tensor representation. 



A. Gauge algebra and gauge charges 

There are 12 gauge charges, including hypercharge F, isospin charges = 1,2,3) and color charges \p,{p = 
1, 2, 8). Hypercharge Y is the generator of gauge group U{1). Three isospin charges /», (i = 1, 2, 3) are generators of 
gauge group 5(7(2), they constitute a basis for algebra su(2), and eight color charges Ap, (p = 1, 2, 8) are generators 
of gauge group 5/7(3) and constitute a set of basis. 

Those generators satisfy the commutation relations 

[/^,^] = ie*jfe4, (194) 
[Ap,A,] = i/;gA„ (195) 

[y,/i] = [y,Ap] = [/„Ap] = o, (196) 

where e^fe is Levi-Civita symbol and is the structure constant for algebra sw(2), /^^ are structure constants of algebra 
5^(3) group. They are completely symmetric for three indices, the non-zero elements are 

/f2 = 1, 

J14 — Jl5 — J24 — /25 ~ J34 — /36 ~ 

/I5 = fir = ^- (197) 
We can define square of the isospin charges P and the color charges A^: 

P=^Zf, (198) 

i=l 

A^ = EA^. (199) 

p=i 

It can be checked that P and A^ commute with all elements of gauge charge 

[P,Y]^[PJ,] = [P,Xp]=0, (200) 
[A2,f] = [A2,/,] = [P,Ap]=0, (201) 
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We use notation ta, {a = 1, 2, 12) to represent those 12 gauge charges as 

ii =91^, (202) 

ti+i = 9iiu (i = 1,2,3), (203) 
ii+p = gsXp, (p=l,2,...,8), (204) 

where gi , g2 and 53 arc coefficients of hypercharge, isospin charges and color charges, respectively. So the commutation 
relations take a concise form as 



[ia,tb]=idlt,tc, (205) 



where coefficients d^^ are defined as 



dllli+j = gzcijk, (i,j,fc = 1,2,3) (206) 
41m = asf^g, {P,q,r = 1,2,.. .,8) (207) 

and rf^^ = elsewhere. Since Cijk and /*g are completely antisymmetric, are also completely antisymmetric 

<6 = C = dl = -dl, = -dl, = -dl (208) 

Those gauge charges ia can be denoted as gauge bosons in Cartan-Weyl basis Ta, (a=l,2,...,12), 

Ti = ti cos 9w + ti sin 9w , 
T2 = — i 1 sin + 14 cos 0^ , 

T3 = -^{^2 + i^s), 
T5 = h, 

= ti2, 

fr = -^ik + iie), 

Tio — —^{ts — itg) , 

Tn = —7^{iio + iin), 
V2 

fi2 = -^{iio-iiii), (209) 
V2 

where 9yj is the Weinberg angle. The transformation from orthogonal gauge charges ta to eigen-gauge charges Ta is 
unitary, 

fa = L%, (210) 

as we can find that the transformation matrix satisfy 

L-^=L\ (211) 

where super-indices f means the hermitian conjugation (complex conjugation plus matrix transposition). So the 
inverse transformation takes the form 

ia = Li%, (212) 
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The eigen-gauge charges satisfy the relation, 

[fa,n]=C:,t. (213) 

The coefficients can be found to be 

Ci,3 — — Ci,4 = 4 = 52 sin6'u., Cf s = — 4 — C3 4 = 32 cos6'^, 

C^5,7 = "C*! 8 — C7 g = 53, Cg 7 = — C| 8 = C'7,8 = 0) 

^9 _ ^10 _ ^5 _ 1„ r<9 — /^lO _ _ 

r-ii _ /^i2 _ _ 1„ /Oil — /^i2 _ _ 

*-^5,ll — ~*-^5,12 — <^11,12 — ~2 ~ ~^6,12 — <-^ll,12 — ~-^53) 

C"?,! = ~^9,ii = = ^ff3, C'8_\o = ^"10,12 = C'12,8 = --^93- (214) 
Those 12 gauge charges ta,a = 1, - ■ ■ , 12, (or To), constitute the gauge algebra, 

Ag = {Zg : Zg = 9" t a} = u{l) ® su{2) ® su(3). (215) 

The gauge algebra is a 12-diniension Lie algebra, it is constituted by direct summation of an Abel algebra m(1) and 
two simple Lie algebras su{2) and su{^). 

Consequently, corresponding to gauge algebra Ag, we have the gauge group Gg which can be obtained by the 
exponential of the gauge algebra, 

Gg = {Ug : Ug = exp(i0ata)} = C/(l) (g) SU{2) (g) SU{3). (216) 

For gauge algebra Ag, we introduce the gauge metric tensor: 

G = g''%(^h = G'''>f,(^n. (217) 

Gauge metric tensor is a generalization of Lie algebra Cartan metric tensor. For simplicity, we introduce the ortho- 
normal metric for orthogonal gauge charges ta, 

gab = 9"^ = Sab. (218) 

Due to the transformation for ia to Ta and the explicit form of g"'^, we can find that the gauge metric tensors G"^ 
and Gab take the form 

Gab 
— Lra6) 

Gij = G2,2 = = 6*4,3 = I5 

5,5 — <J6,6 — tj7,8 — (-^8,7 — Lrg.lO — ^W,^ — <J11,12 — <J^12,11 — 1, 

Gab = 0, elsewhere. (219) 
According to the gauge metric tensor, the scalar product of the gauge charges are defined as: 

ta ■ tb = tb • ta = gab = ^ab', 
Ta-Tb =Tb-Ta = Gab 

Y-Y = Ag^\ 

li ■ Ij = 92 Sij , 
' = 93 Spq, 

Y-ii=Y-Xp = ii-Xp = 0. (220) 
The rising and lowering the indices by the gauge metric tensor can be written as, for example, 

i°- = g°-^ib = ia, 

fa ^ Qabf^^ ^221) 
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B. Irreducible representation of the gauge algebra 

The irreducible representation space of algebra u(l) is denoted as Vi{Y), where Y is the eigenvalue of the hypercharge 
Y. Here Y can be arbitrary real number, and the dimension of space Vi{Y) is, 

dimyi(F) = 1. (222) 

We denote the irreducible representation space of algebra su{2) as V2(/), / is the maximal eigenvalue of the third 
isospin operator 73. I can be non- negative integer and half-integer. The dimension of space V2{I) is 

dimF2(-r) = 27+ 1. (223) 

Similarly the space of the irreducible representation of algebra su{3) is denoted as 1/3(771, n), where m,n are non- 
negative. The dimension of space V3 {m, n) is 

dimF3(m,n) = ^(m + l)(n + l)(m + n + 2). (224) 

Gauge algebra Ag is the direction summation of algebras m(1), su{2) and szt(3), and its irreducible representation 
is the tensor product of the irreducible representations of u{l), su{2) and su{3). Denote the irreducible representation 
space of algebra Ag as Vg{Y, I, m, n) and it takes the form 

Vg{Y, 7, m, n) = Vi{Y) ® Fa (7) ® ¥^{7x1, n). (225) 

Thus the dimension of space Vg{Y, I, m, n) is 

dim (F, 7, m,n) = dimVi(F) x dimV2(7) x dimy3(m, n) 

= ^(27+l)(m + l)(n+l)(m + n + 2) (226) 



C. Gauge representations of the matter particles, representation spaces and gauge states 



Matter particles include leptons and quarks. We next consider their gauge representations respectively, 
(i), Space of the gauge representations for leptons. Leptons can be divided into three generations, the gauge 
representation space for each generation is the same. The representation space is 

Vg{-i, 0, 0) e Vg{Q, 0, 0, 0) e Vg{-2, 0, o, o). (227) 

The dimension for each generation of leptons in the gauge representation is 2 + 1 + 1 = 4. It is corresponding to the fact 

that each generation of leptons includes four states as: isospin doublet state for leptons with electric-charge, isospin 
singlet state of leptons with electric-charge, isospin doublet state of neutrino and isospin singlet state of neutrino. 

Gauge representation space for all leptons can be denoted as the direct summation of the gauge representation 
spaces for three generations of lepton: 



Vg{i) = [Fg(-i, -, 0, 0) ® 14(0, o,o,o)©yg(-2, 0,0,0)] 



2 

1 

2 

The total dimension is 



®[Vg{-h o , 0, 0) e 1^(0, 0, 0, 0) e Vg{-2, o, o, o)] 



[Vg{-1, -, 0, 0) ® (0, 0, 0, 0) ® Vg{-2, 0, 0, 0)] (228) 



dimyg(0 = (2 + 1-M) X 3 = 12. (229) 

The total dimension 12 corresponds to 12 different leptons. 

(ii). Space of the gauge representations for quarks. Quarks also have three generations, the representation space 
for each generation of quarks is the same. Each generation can be represented as 



Vg{\, \, 1, 0) © K,(|, 0, 1, 0) © l/g(-|, 0, 1, 0). (230) 
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One can check that the dimension is 6 + 3 + 3 = 12, it corresponds to that there are 12 gauge states for each generation 
of quark. 

The gauge representation space for three generations of quarks is denoted as the direction summation as 

Vg{q) = [^^(i ^,1,0)© 0,1,0) ©y,(-^, 0,1,0)] 

®Vg{^, \, 1,0) e ^3(^,0, 1, 0) e o, i,o). (231) 

The dimension of quark gauge representation space is 

dimyg(g) = (6 + 3 + 3) X 3 = 36. (232) 

The dimension 36 corresponds to 36 kind of quarks. 

So in together, the gauge representation space of matter particles is denoted as 

V,{M) = VS) © V,{q), (233) 

The total dimension is 

dimyg(M) = 12 + 36 = 48. (234) 

The total dimension corresponds to 48 gauge states. 

The gauge state basis of matter particles is represented as: 

let), (235) 

where t = 1,2, ...,48 is the indices of matter particles. For each kind of matter particles, there is a corresponding 
gauge basis. 

Matter particles in gauge representation space Vg{M) can be represented by gauge state basis as 

y,(M) = {|*):|*) = **|e*)}. (236) 
The adjoint representation of matter particles takes the form 

(et|=R). (237) 

The inner product of basis and its adjoint is, 

{et\et')=5tt'- (238) 

And also, 

\et){e'\=i. (239) 

This is the property of the metric for the gauge state space. 

The gauge state of matter particles can be represented as the the superposition of the gauge basis 

I*) = **|et), (240) 

where 

= (e*|*). (241) 

The adjoint of \^) is {^\, it has the form 

(^r| = ^r*(e*|. (242) 

The inner product has the form, 

(5f|$) = 

= = 5tt/***$*'. (243) 
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D. Elementary particles and their classification 

Here we list the properties of electric-charge and the mass of matter particles: 



generations 


lepton 


electric-charge 


mass 


quark 


electric-charge 


mass 


first generation 


e 


-1 


rrie 


d 


i 


rrid 







m^e 


u 


+1 

^ 


rriu 


second generation 




-1 




s 




nis 









c 


+1 

^ 


rric 


third generation 


T 


-1 




b 




rrib 


Vr 







t 





mt 



As we mentioned, in our theory, in order to consider properties of the involvements of the matter particles into the 
action force, the matter particles are divided into 48 classes. There are 6 classes of leptons according to the above 

tabic, besides mass and clcctric-chargc, there arc isospin singlet and isospin doublet, so there arc 12 classes of leptons. 
There are 6 classes of quarks in the above table, we can also consider the isospin singlet and isospin doublet and three 
colors for quarks. So quarks are divided into 36 types. So matter particles have 48 classes. The explicit classification 
of those particles are presented explicitly in the following tables. 

Color charge represents the quantum number of the involvement of particles into color interactions. Color charges 
of particles are represented by two parameters (A3, Ag). According to color charge, matter particles are divided as 
leptons (/) and quarks (q). The color charge of leptons is (0, 0), that means the color charge of them are zeroes, and 

they are not involved into the color force. The color charges of quarks are three types, (i, -^), (— i, -^), (0, -^). 
Usually they arc called red, green and blue colors, respectively. So quarks can be red quark (qr), green quark (qg) 
and blue quark (qb)- 

Electric charge Q represents the quantum number of particles in interaction of clcctromagnetism. The leptons are 
divided into neutral- leptons (^o) and electric-charged leptons (Z-i). The neutral- lepton is the neutrino. The electric- 
charge of the l^i is —1. Quarks can be divided into positive-elcctric-chargc quarks (q^i) and negative-electric-charge 

quarks (q-i) according to their electric charge. The positive electric-charge is -|-|, the negative electric-charge is —5. 

The isospin charge I3 represents the quantum number of the particles in weak interactions. The isospin charge can 
take three values +i, — ^ and 0, where J3 = ±i represents the isospin doublet and I3 = represent the isospin 

singlet. The matter particles with same color charge and electric-charge can have isospin singlet and isospin doublet. 
The isospin doublet are in the weak interactions, while isospin singlet is not involved in the weak interactions. 

The hypercharge and the weak-charge can be represented by electric-charge and the isospin charge as, 

Y = 2{Q-h), 

Z = h-Qsm^e^, (244) 
where smO^ = , ^ and 91.92 are the couphng constants between hypercharge and the isospin charges, 9w is 

V9I+S2 

the Weinberg angle. Weak-charge Z represents the quantum number of particles involved in the interactions of Zq 
particles. 

Note there arc only two independent parameters in four quantum numbers, electric-charge Q, isospin charge I3, 
hypercharge Y and the weak-charge Z. Usually the hypercharge Y and isospin charge /a are chosen as the independent 
parameters, and electric-charge Q and weak-charge Z are represented as, 

Q = h + \y, 

Z = h cos^ Oyj - ^Y sin^ Oy^. (245) 

Masses of the particles are the quantum numbers representing the property of the symmetry breaking of the isospin 
in weak interactions. Matter particles with the same color-charge, electric-charge and isospin charge can be divided 
into three generations according to their masses. 

Three generations of neutrinos are called respectively the electric-neutrino, /x neutrino and r neutrino represented 

as Vfj_,VT. The masses arc m^e, m,^^ and m^jr- It is believed previously that the masses of the three generations 
of neutrinos are zeroes. Later experiments showed that the masses are small but not zeroes. Three generations 
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of electric-leptons are named respectively electron, fj, particle and r particle represented as e, fi, r. The masses are 

Three generations of positive-electric quarks are u,c,t with masses niuyiTicTnt. The negative-electric quarks are 
d,s,b with masses mci,ms,mb. The masses of matter particles differ only depending on electrical-charge and gener- 
ation, but not depending on color charge and isospin charge. That means matter particles with the same electrical- 
charge and generation but different c;olor charges and isospin charges, their masses will be the same. 

Depending on color-charge,electrical-charge, isospin- charge and mass, the matter particles are divided into 48 classes. 
The representation of those particles constitute a 48-dimensional gauge space. The gauge numbers of those particles 
can be found in the table next. 



elementary particle 


gauge charge (Y, /g, A3, Ag) 


first generation 


second generation 


third generation 


neutrino doublet 


(-1,^,0,0) 






i^TD(3) 


neutrino singlet 










electrical-lepton doublet 




en(7) 


un(8) 




electrical-lepton singlet 


(-2,0,0,0) 


es(lO) 


Ms(ll) 


T5(12) 


red-(-l-quark) doublet 


(1 1 1 V3\ 
.-^ ' 2 ' 2 ' fi ) 


UrD(13) 


CrD(14) 


trD{15) 


red-(-l-quark) singlet 


(4 Q 1 V3^ 

V3'"' 2' a ) 


Urs{'^Q) 


Crs(17) 


trs{l8) 


red- (-quark) doublet 


(1 11 V3\ 
3 ' 2 ' 2 ' fi 


drD{l9) 


s,.i3(20) 


brD{21) 


red- (-quark) singlet 


V 3 ' 2 ' fi / 


drs{22) 


srs(23) 


&rs(24) 


green-(-l-quark) doublet 


^11 1 \/3\ 

V3' 2' 2' fi ^ 


%d(25) 


CgD{26) 


tgD (27) 


green- (-|-quark) singlet 


V3'"' f, ' 


Ugsm 


Cgs(29) 


tgsm 


green- (-quark) doublet 


(1 1 1 V3\ 
>.3' 2' 2' fi 


dgDiSl) 


5^^(32) 


bgD{33) 


green- (-quark) singlet 


f_2 Q _1 V3X 






bgsm 


blue-(-l-quark) doublet 


f 1 1 ^) 
V 3 ' 2 ' ' 3 ' 




c&d(38) 


tbom 


blue- (-quark) singlet 


(1,0,0,^) 


ubsm 


Cbs(41) 


ifas(42) 


blue-(-l-quark) doublet 


(I -I ^) 

V3' 2' ' .3 / 




S6Z3(44) 


66d(45) 


blue- (-quark) singlet 


(-1,0,0,^) 


4s (46) 


S6s(47) 


bbsm 



The spin of the matter particles is ^ corresponding to fermions. The spin is represented by S3 which take values 
±1/2. 

Gauge particles are spin-1 corresponding to bosons. The gauge forces are divided as electromagnetic force, weak- 
interaction force and color force, correspondingly the gauge particles are photons 7, weak interaction bosons W±, Zq 
and gluons , i = 1, 2, • • • ,8. One photon and three weak bosons corresponds to 4 generators of electric- weak gauge 
group U (1) (8) SU (2). Gluons are responsible for color force, eight gluons corresponds to 8 generators of group SU{3). 
The following table shows the quantum numbers of gauge particles, where masses of gluons are equal and take value 
m. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 




7 


Zo 


W+ 


W- 


.9(1) 


.9(2) 


.9(3) 


.9(4) 


.9(5) 


9(e) 


.9(7) 


.9(8) 


mass 





mz 


mw+ 


mw_ 


m 


m 


m 


m 


m 


m 


m 


m 


Y 






































h 








+ 1 


-1 


























A3 




















+1 


-1 


_ 1 








As 


























I ^3 
"I" 2 


2 


2 


I ^3 
2 



There is one kind of graviton, it has complicated spin representation, its mass, electric-charge and color charge are 
all zeroes. Also we do not assume there exist Higgs particles. 
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E. Matrix representations of the gauge charges 

In gauge basis |et) of matter particles, gauge charges are represented as 48 x 48 matrices. As we know, those gauge 
charges arc hypcrchargc Y, isospin charges = 1,2,3) and color charges Xp,{p = 1,2, ...,8). We will present 

explicitly the matrix representations of those gauge charges. 



1. Matrix representation of hypercharge, isospin charges and color charges 

Wc will next use the following notations: is a 3 x 3 matrix with all elements zeros, / is an 3 x 3 identity matrix, 
Ui and Uq are the Kobayashi-Maskawa mixed matrices of leptons and quarks which will be presented later. 



f -i 6 6 6 \ 

6 6 6 6 
6 6-/0 
V 6 6 6 -21 J 



6 |/ 
6 

V 6 





6 6 



\ 









(246) 



/i = 



( ' 


6 


Ui 


'A 





6 


6 





V 


6 


6 


6 


6 


6 


6/ 



® /( 



/ 6 6 ul ()\ 
6 6 6 6 
Ug b b 6 

V 6 6 6 6/ 
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( ' 


6 


-iUi 






( ^ 


6 






> 





6 


6 


6 




6 


6 


6 









6 


6 


6 




iUg 


6 


6 


6 


> 


V 6 


6 


6 


6^ 




\ 6 


6 


6 


6^ 





(248) 



(i 6 
6 6 
6 6 

\6 6 



6 6 \ 
6 6 
-/ 6 
6 6/ 



// 6 6 6\ 
6 6 6 6 
6 6-/6 

V 6 6 6 6/ 



(249) 



At, 



/6 6 
6 6 
6 6 

V6 6 





6 

6/ 



e (Ap)3x3 o 



6 / 
6 6 



o\ 
6 6 
/ 



\ 6 6 6 // 
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where (Ap)3x3 are 3x3 Gell-Mann matrices which take the forms. 



1 
10 




A. = - 



-i 

1 




1 
0-10 




1 



1 



A5 = 



-j 



1 



Afi = 




1 
1 
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At 





i 



A8 = 



We can find the matrices of P and take the form 



// 0\ 

6 6 6 6 
6 6/6 
V 6 6 6 6/ 



2Vs 



1 
1 
0-2 



f i 6 6 6 \ 
6 6 6 6 
6 6/6 

V 6 6 6 6/ 



(251) 



A^ = 



/6 6 6 6\ 




// \ 


6 6 6 6 


® /«' 


6/66 


6 6 6 6 


6 6/6 


V 6 6 6 6^ 




\6 6 6 // 



The operators Y, I, Xp are unitary, and the following properties are satisfied, 



Ft 


= Y, 




/t 


= I, 




At 


= Ap, 




{y,Y) 


= tviYY) = 


40, 




= tr(^/,) = 


65ij, 


(Ap, Ag) 


= tr(ApA,) = 




{yJi) 


= (^,Ap) = 


{ii, Xp) = 0. 



(252) 



(253) 



2. Matrix representation of the eigen-gauge charges 

Due to the transformation between orthogonal gauge charges and the cigon-gauge charges and the matrices 
representations of hypercharge Y, isospin charges /j and the color charges Xp, the matrix representations of the 
eigen-gauge charges take the form 



Ti 



e < 



' / 6 6 
6 6 6 
6 6-/ 
[\d 6 6 





6 
6 

-1/ 



I ^/ 

/ 3 



6 
6 





^/ 
6 



-\i 6 



-\i I 
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\/ai + ai 



' ( I Q 6 
6 6 6 

6 6 (-l + 2sin2 6'^)/ 



/(I 



I \0 



fsin^i 







-|sin2( 



6 \ 
6 

6 

2 sin^ e^i J 

6 
6 

(-l + fsin^ 
6 



(255) 



■ sin 



92 

v/2 



/6 6 6\ 
6 6 6 6 
6 6 6 6 

V 6 6 6 6 y 



6 6 6 6 
6 6 6 6 
V 6 6 6 6 / 
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Ta = ^ 



92_ 

V2 



/ 6 

6 


6 
6 


6 6\ 
6 6 




/ 6 

6 


6 6 6 \ 
6 6 6 


> 


V 6 


6 


6 6 


® I® 


\ 6 


6 6 6 


> 


6 


6 6^ 




6 6 6/ 


> 
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/ 6 6 6 6 \ 
6 6 6 6 , 
= 53 < 5 6 6 6 (^p)3x3 

[ V 6 6 6 6 / 

Here matrix (Ap)3x3 are the representation of algebra su{'S) in Cartan-Weyl basis: 



/ / 6 6 6 y 

6/66 

6 6/6 
V 6 6 6 // J 



(258) 
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A2 = 



2\/3 



1 
1 
0-2 



A,= 



1 
72 
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0' 













, A4 














1 
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1 
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1 



1 

7^ 





















1—1 









As 



1 

71 



1 
000 
000 



One can check that we have the following property: 



(259) 



(260) 
(261) 



F. Mass matrices of the matter particles 



Mass is of fundamental for ns. One feature of our theory is that the mass matrices arc defined in gauge space. 
Conventionally, the gauge invariant is necessary for gauge theory, thus mass can only be created by gauge symmetry 
breaking caused by Higgs mechanism. In comparison for our theory, weak interaction gauge space does not satisfy 
gauge invariant, but satisfy the general covariance condition. Thus mass can be represented as covariance matrix in 
gauge space. We denote the mass matrix in gauge basis jet) as: 



m : 



/ 6 rhio 6 

mo 6 6 

6 6 6 

V 6 6 mi- 





6 

rhi- 

6 



I 6 rhq+ 
rhq+ 6 

6 6 
\ 6 6 




6 
6 

m„_ 





hq- 

6 / 



(262) 



where 17110,1711-, rhq+ and rhq- are mass matrices of neutral-lepton, electric- lepton, positive-electric-quark and 
negative-electric-quark, respectively. 
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Suppose the masses of three neutrinos are m^eTiTii^fniTii^T, the mass matrices take the form 

/ m,e \ 
rhia= \ m,^ | (263) 
\ m 

The three electric- leptons have masses me,mfj,,mr, we denote 

/ me 

= nif, I . (264) 

\ TTlr 

Also we denote three positive-electric-quarks have masses mmmcmt, three negative-electric-quarks have masses 
rndTmsTmb, and the matrices as the following forms 

/ m„ \ 

rhg+ mc . (265) 

V mt / 

nid 

m, I . (266) 



The coupling constant of the electric-charge is 



The coupling constant of the weak charges is 



The Weinberg angle takes the form 



TOfe 



.91.92 

Vg'i + .92 



(267) 



9z = \9l+9i (268) 



cos0^ = ^^L=, (269) 

The angles between weak interactions of three generations of quarks are denoted by 61,62,9^, the PC broken symmetry 
factor of weak interaction is . And the Kobayashi-Maskawa matrices flT'l for weak interaction are defined as 

Ci — S1C2 — S1C2 

Uq = I S1C3 C1C2C3 + 525361 C1S2C3 - C2S3ei | (271) 

S1C3 C1C2S3 — 820361 C1S2S3 + 020361 

where Si = sinfl^, q — cosOi, {i — 1, 2, 3), ei = exp{—iSi). 

Similarly for three generations of leptons, three angles of weak interaction are denoted as ^4,^5,^6, the broken 
symmetry factor is S2 , and the Kobayashi-Kaskawa matrices take the form 

04 — S4C5 — S4C5 

Ul = \ S4C6 C4C5C6 -I- 555662 C4S5C5 - 055662 | (272) 
54C6 C4C5S6 - S5C662 C4S5S6 -I- 050662 

where similarly, Sj — sin^j, Cj — cos^j, (j — 4, 5, 6), 62 — exp(— i(52). 

The commutation relation between gauge charges Ta and the mass matrices of matter particles is 



[Ta,rh] = rha 



(273) 
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where 



mi = 0, 



m2 = 



ms = 



m4 = 
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6 


V2] 




6 


t//m;_ 6 6 


®i® 
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6 6^ 
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6 6 y 
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(275) 



(276) 



(277) 



(278) 



In the above commutation relations, mass matrices commute with electric-charge and color charge, while does not 
commute with weak charges. 



Also we have 



and 



-m. 



Here are some comments about the mass matrix. On gauge basis of matter particles \et), the matrix representation 
of the following operators are diagonal: hypercharge Y, the third element of the isospin I^, the third element of the 
color charge A3, the eighth element of the color charge Ag. So basis \et) is the common eigenvector of those operators. 

The mass matrix m is quasi-diagonal. The eigenvalues are y, /a, A3, Ag, m corresponding to Y, I3, A3, As, m, 
respectively. Those quantities are hypercharge, third element of the isospin, third and eighth elements of the color 
charge and mass of the matter particles. 



G. Projection operators 

Here let us define some projectors of gauge space related with isospin singlet and isospin doublet. 

(1) Projection operators Pd,Ps for isospin singlet and doublet are written as 

Pd = (279) 

Ps = ^-p^- (280) 

The singlet projector and the doublet projector satisfy the equations, 

Pd+Ps = 1 
PdPd = Pd 
PsPs = Ps 

PdPs = (281) 

(2) Similarly, lepton projector and quark projector are written as the following and have the properties, 

(282) 
(283) 







Pi 








Pl+Pg 


= 1 


PlPl 


= Pi 


pA 


= P, 


PlPq 


= 



(284) 

Those projectors will be useful when we consider later Dirac equation. 
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H. Eigenvectors of the weak interaction 



Gauge charges of the weak interaction are Ts and T4. On the gauge charge basis of matter particles, T3 and T4 

inchidc the Kobayashi-Maskawa matrices [/; and Ug, so |et) is not the eigenvector for weak interaction. The basis can 
be changed by unitary transformation to the eigenvector of the weak interaction, 



\el,) = Ul,\et), 

where this C/ is a 48 x 48 unitary matrix and can be represented as 



(285) 



u = 



f// 
6 6/6 
V 6 6 6/7 



© / 55' 



0/0 

6 
V 6 6 6 ulJ 



UU^ = 1. 



(286) 



On the basis of the eigenvector of weak interaction \e[,),{t' = 1,2,..., 48), operators /i,/2,/3,/4 and m can be 
represented as 



(287) 
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6 6/ 
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V2 



fo 6 i (]\ 
6 6 6 6 
6 6 6 6 

V 6 6 6 6 y 



/ 6 6 / 6 y 

6 6 6 6 

6 6 6 6 

V 6 6 6 6 y , 
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T' 
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V2 



/ 6 6 6 6 \ 

6 6 6 6 

/ 6 6 6 

V 6 6 6 6 y 



/ 6 6 6 6 \ 

6 6 6 6 

/ 6 6 6 

V 6 6 6 6 y 
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UmLf'' 



( 6 Ulmi^lJi 
t]\miQUi 6 

6 6 
6 6 



V 




6 

6 

fni- 



6 \ 
6 

rhi^ 

6 y 



/ mq+ 

rhq+ 6 

6 6 

V 6 6 





6 
6 





6 

U^rhq-Ug 



(291) 



Operators /s, Ap,T'i,T'2,T4+p are invariant under the unitary transformation U. 

I. The correspondence between gauge particles and gauge charges 

The 12 gauge particles corresponds to 12 elements of the gauge charge Photon 7 corresponds to gauge charge 
Ti, weak interaction bosons Zq, W+, W- correspond to gauge charges T2,Ts,T4, gluons {p = 1, 2, 8) correspond 
to gauge charges /i+p. 



34 



The representation of the gauge basis can take the form of 12 eigen-gauge charges, they satisfy the equation, 

[f,,n]=C:,t, (292) 
The elements of the gauge charges can be the structure constants 

(TaTb = C^afc- (293) 

The following properties can be checked by direct calculations, 

[Y,fa] = Yfa, (294) 

[h,f] = hfa, (295) 

[Xs,fa] = AsT;, (296) 

[XsX] = Agf;, (297) 

J. Mass matrix of the gauge particles 

The mass matrix of the gauge particles is defined as gauge tensor in eigen-gauge charges Ta, 

M = M^fa^f''. (298) 
We consider respectively the weak interaction bosons part Mweak and the gluon part Mgiuon, so 

M = M^eak + Mgiuon- (299) 

The mass matrix elements concerning about weak interaction bosons can be written as, 

Mweak = mlfa 8) f 2 + m^fa ® f 3 + TO^Ti f ^ (300) 

where mz = 91188Mey, is the mass of particle Zq, mw = 80398Mey, is the mass of particles W+, W-, they are 
connected through the Weinberg angle as 

mw = 'mzcos6w (301) 
Due to the transformation between ia and Ta, we have 

Mweak = m°-^ia®h 

= m|(sin^ 0-u,ii ®ii —2 sin cos O-ujii (81^4 + cos^ O-ujii ® ii) 

+niz cos^ 9^ {t2 <E) t2 + t3 (g) ts) 
= m| cos^ 6l^(tg^^^fi O h - 2igeJi O h + 4 O £2 + h O 4 + h O U)- (302) 

Note if ti = 0, operators t2,t3,t4 are symmetric for M, that means M are symmetric for isospin group SU(2), and 
also niw = mz cos 6w is necessary for this symmetry. 

In this work, we assume the masses of gluons are all m, thus we have 

Mgiuon = Mf^^+gTk+p^f^+f 

= m^f4+p0f'*+P (303) 

where p = 1, 2, • • • , 8, Mj-'^^^j* = m^, and Ti+p corresponds to color charges. This result will be useful in studying the 
dark energy. Note that the SU (3) symmetry does not be broken by this mass matrix. 
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K. Gauge representation for gravity field 

Gauge representation of gravity is ID identity denoted as 

K,(G)=r,(0) = K,(0, 0,0,0) (304) 

We can choose the gauge basis for graviton as 1, gauge charges Tq commute with 1, thus we can say the gauge charge 
of graviton is zero. 

V. REPRESENTATION THEORY 

In this work, particles or fields are defined by three class of parameters: coordinate-momentum, spin and gauge 
charges. The coordinates- momentum arc independent with spin and gauge bosons. Fields or particles and the 
interactions are represented as a vector for matter fields or operator for force fields in a direct product space by three 
class of spaces: coordinate-momentum space, spin space and gauge space, V{M) = V^p (8) Vs{M) (g) Vg{M). The 
quantum state \est) of a matter particle is defined as the direct (tensor) product in coordinate-basis, spin-basis and 
gauge-basis, |esf(a;)) = \x) (S> \es) (S> \et), where x G R^,s = 1,2,3,4 and t = 1,2,. ..,48. It is the common-eigenstate 
of 10 operators i°,5^,a;^,f^,75,si2,i^,/3, A3 and As- In this representation, coordinate state can be changed to 
momentum state \x) \p) and we have \est{p)) = \p) ® \e-s) ® |et). The quantum state of matter-particle can then 
be expanded in either coordinate state |esf(a;)) or momentum state \est{p)), Please note in our representation, spin, 
gauge and general coordinate-momentum are dealt in the same positions. 

Before proceed, we would like to briefly summarize our representation results. The framework of this theory is that 
all fields and particles are described by their representations with three properties: coordinate-momentum, spin and 
gauge. Their properties will be governed by three fundamental equations. 

The quantum parameters are coordinate f, momentum p^, spin Saji and gauge charges To (or to), altogether there 
are 26 parameters. The commutation relations for those parameters are: 

[x'',p,] = (305) 
[f*,*^] = = 0, (306) 

[Sa/3, Spa] = -i{r]o:pS0a " Vfip^acr + TjaaSpIS - VlS'TSpa), (307) 

[fa,n]=C2,t, (308) 

[X", Sa/3] = [X", fa] = [p^, S^/j] = \p^, f J = [s„^, fa] = 0. (309) 

The 26 quantum parameters and the unit constitute a Lie algebra A, 

A=!^Z:Z = a^x^ + b^p^ + a + ^T'^'^s^p + rfoj . (310) 

This algebra is a direct summation of three algebras, coordinate-momentum algebra A^p, spin algebra As and gauge 
algebra Ag, 

A = A^p®As®Ag. (311) 
The group corresponding to this Lie algebra is written as 

C=!^U:U = exp[i(a^x'' + 6"^^ + a+ ^oj^f^Sc^ + r^a)]| • (312) 

This group is a direct product of groups of coordinate-momentum, spin and gauge 

G = G^pi»Gs<» Gg. (313) 

The representation space is simply the direct product of three representation spaces corresponding to coordinate- 
momentum, spin and gauge respectively. 

We next list respectively the representation of (i) matter particles, (ii) the gauge particles and (iii) the graviton. 
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A. Representation of matter pcirticles 

The representation of matter particles is in the total direct product space 

V{M) = V^p{M) Vs{M) O Vg{M). (314) 

The adjoint has similar representation, 

F(M) = F,p(M) ® Vs{M) ® Vg{M). (315) 
The operators are acting on those spaces, 

0{M) = V{M) V{M). (316) 

The basis of matter particles is a direct product of three class of basis, coordinate, spin and gauge 

\estix)) = \x)<^\es)<»\et), (317) 

as we already know that x € R^; s = 1,2,3, 4; f = 1,2, ...,48. Recall the metrics of spin space and gauge space, the 
adjoint of the basis takes the form 

(e^*(x)| = ify^'les'tix)) = {x\ ® (e^^l ® e*|. (318) 
The normalization and the complete conditions are 

{e'\x)\e,,t'ix')) = St,5l,S\x-x'), 
[ \e,t{x)){e''ix)\d^x = 1. (319) 

Similarly for momentum representation, we also have 

\est{p)) = \p) \es) let). (320) 

(e"*(p)| = (p|®(e^|®e*|. (321) 
The normalization and the complete conditions are 

f \e,t{p)){e''{p)\d^P = 1. (322) 

The transformation elements between coordinate and momentum take the form 

(e^*(x)|eyt.(p)) = {27r)-^6pSl, exp(-ipx). (323) 

The general quantum state of the matter particles can be expanded in terms of those basis, either in coordinate or 
in momentum basis, 

1*)=/ ^^\x)\e,t{x))d'x= f ^^\p)\e,t{p))d'p, (324) 
>/ij* Jr* 

where coefBcients ^^*{x) in the expansion are defined as 

*"*(a:) = (e''*(a;)|*) = (27r)-2 / ^'\p) exp{-ipx)d\ 

Jr^ 

$«*(p) = (e«*(p)|*) = (27r)-2 / ^'\x)exp{ipx)d'^x. (325) 
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Thus all quantum states of matter particles constitute the representation space V{M) which is simply written as, 

ViM) = {!*) : 1*) = / ^^\x)\e,tix))d^x} 

= m : I*) = / $^*(p)|e,t(p))A}- (326) 
The adjoint states (^'| can be similarly written as, 

(*|=M=/ n(x)(e^*(x)|rf^x= / ^Up){e^\p)\dS, (327) 
note that the coefficients have the metric of spin space, 

= m^Ax)) = (7°)..'*"'*(.x), (328) 
*:,(p) = mestip)) = {f)ss'^*''\v)- (329) 

The adjoint representation space is constituted by the adjoint states V{M) = {(*|}. 

The operator representation space can be considered to be constructed by two spaces V{M) (g) V{M) and is denoted 



as. 



0{M) = = J A%,{x',x)\e''*'{x')){est{x)\d^x'd^x^ 

= i^A:A = J^J^^A%,{p',p)\e^'''{p')){e,t{p)\d'p'd'p'^ (330) 



The inner product of two vectors is represented as 



($|*)=tr(|*)($|) = / ^:,{x)-^^\x)d^x 



-L 



Kt{pW{p)d^P (331) 



B. Representation of gauge particles 

Representation theory for gauge particles: The representation space of gauge particles is also a direct product of 
coordinate-momentum representation space, spin representation space and the gauge representation space, 

V{A) = V^p{A) <S) Vs{A) Vg{A). (332) 

The basis of Vxp{A) for coordinate and momentum are i{x) and i{p), where x e R^-,p € i?*. The basis Vs{A) of spin 
are ^"i - "p . where = 0, 1, 2, 3 are orthogonal space-time indices, p = 0, 1, 2, 3 is the rank of the tensor. is the 
basis of Vg{A), where a = 1, 2, • • • , 12. So the total basis can be written as 

C^) = e{x)®T'-"^ ®fa, (333) 
^^■■■""(P) = e(p) ® T'"'"" ® Ta. (334) 
The operator of gauge particles is represented as. 



= ^ / K.-o.M)eT-''^{.x)d'x 

P- Jr* 



^ I X«^„,„,(P)C--"''(P)A. (335) 
P- Jr* 
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The coordinate- momentum functions -^ai - ap(^) ^^'^ ^ai---apiP) related through Fourier transformation, 

= (2^)'' / K,■■■o.^P)eM-^^P)d'p, (336) 
K^-aM = (2^)"' / X«^...„,(p)exp(ixp)d^x, (337) 

C. Representation of graviton 

The representation space of graviton also includes coordinate-momentum, spin and gauge, 

V{G) = V^piG)®VsiG)®VgiG). (338) 

Here we would like to point out that V^p is an infinite dimensional space, Vs{G) is a 256 dimensional mixed tensor 
space, Vg{G) is a 1-dimensional gauge representation space. 

Vxp{G) has the basis e{x) and e{p). The basis of Vs{G) is 7^^^.."''. where ai,Pi = 0,1,2,3 are indices of the 
orthogonal space-time, p,q = 0, 1, 2, 3, 4 are ranks of the spin mixed tensor. 

So the basis of graviton for coordinate and momentum are, 

^Z7S^) = ^^p)®%l-7.- (340) 



The operator representation for graviton is 



1 



= i / (341) 

P-l- Jr* 

The Fourier transformation connects the functions for coordinate and momentum together, 

yf,V;.t'(a;) = (27r)-2 / (p) exp(-z:rp) A, (342) 

Jr'^ 

Yt-tiP) = (27^)-' / Yl\::!^:{x)eMixp)d^x- (343) 

jR't 

In quantum mechanics, the time evolution of a quantum state or an operator are described by Schodinger representa- 
tion or Heisenberg representation, respectively. We may notice that time and space are not symmetric. In comparison 
for our work, there is no absolute time and space in general relativity, thus coordinates are dealt symmetrically. The 
state \est) is an event. 

VI. DIFFERENTIAL GEOMETRY, REPRESENTATION OF GRAVITY FIELD AND GAUGE FIELDS 

For a manifold, the geometry is characterized by vierbeins and the corresponding connections. We consider next 
the differential geometry properties related with gravity field and gauge fields. Our work, however, is actually an 
algebraic realization of the differential geometry by a proper representations. 

A. The spin vierbein 

The spin vierbein formalism takes the form 

= [ e^{x)i{x)d^x= [ e^ip)i{p)d''p, (344) 
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where arc the spin vicrbein coefficients. O^^(x) and 0^{x) are coordinate functions and momentum functions in 
spin vierbein formalism, they satisfy relations 

e^ip) = {27r)-' [ 9i^{x)exp{ipx)d^x, 
Jr* 

e^iix) = (27r)-2 / e!^{p)eM-ipx)d^P- (345) 
The adjoint of the spin vierbein coefficient is defined as 

M=e'^ (346) 
Due to the spin vierbein coefficients 9j^, we can define the momentum metric as 

9 = g'""' ®Pf,(S)p^, (347) 
where the free metric, i.e., Minkowski metric, g'^'^ satisfies, 

W = 9^" 

g^"" = g"". (348) 

g^"^ is the contra-variance metric tensor, the covariance metric tensor g^^i, can be defined as the inverse of the contra- 
variance metric tensor g'^'^, 

g^xg^" = 

= 

where A^v is the algebraic complementary minor of elements g^"^ . The covariance metric takes the form 

Va0 = g^.J'^J'p- (350) 

The lowering or rising of the indices in momentum tensor can be realized by multiplying momentum metric g'*'' and 
g^jy, while for indices in spin tensor, the spin metrics r}°'^ and ?7a/3 should be used. For example, the case of orthogonal 
vierbein we have, 

= r^g^Jff, (351) 

7a = llalil^, (352) 

e = e^J (g)7„0rfa;'', (353) 
where the orthogonal vierbein operator and the dual orthogonal vierbein operator satisfy the relation, 

KK = (354) 
The spin of the vierbein formalism 9^—01^® satisfies the commutation relations 

[L.9p]^iflp9^, (355) 

where /^^ are the structure coefficients in spin vierbein formalism and are represented as 

flp = {W'l^-e^M)el. (356) 

Note that the structure coefficients here may not be confused as the structure constants of sw(3) appeared previously. 
The structure coefficients are antisymmetric, have adjoint, and satisfy Jacobi equation: 

n^-flo. (357) 

lT, = flp (358) 

+ + W'cP + f0,IL + r.Jpa + tpK = 0, (359) 

where we have used the equation, 

[K, [9M\ + + [^7. \^o..h\\ = 0. (360) 
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The gravity connection is defined as 



B. Connection of gravity 



if r ® 7" ® sp^, (361) 



rr = ^(/r+/r-/r), (362) 



where we have used the notations 



fp 

The gravity connections are antisymmetric, have adjoint and satisfy no-torsion condition, 

pa/3 ^ _p^a (3g4) 

= f^^, (365) 
t'^,^p~tl^ = (366) 
the last equation can lead to the result that the torsion is zero, 

t"/3 = rl,^-r^,.-/2/3 = o. (367) 

Here let us discuss the spin of graviton defined by 7" ® Sp^. As we know the representation space of 7" is 4- 
dimensional Vs{^,-^), the representation space of is 6-dimensional ^^(0, 1) © V5'(l, 0). So the spin representation 
space of graviton is expressed as, 

^s(^,^)® [Vs(0,l)®Fs(l,0)] 

= vsi^, i) © vsil, ® ^'^i ® ^^4' l^- ^^^^^ 

The spin is defined as the maximal eigenvalues of S3. Here we can find max(s3) = 5 + 5 = 2, thus the graviton is 
spin- 2. 



The gauge connection is defined as 
similarly we have 



C. Gauge connection 



i = i« 7« fa, (369) 



K= [ Al{x)e{x)d^x= [ Al{p)s{p)d^p, (370) 
where A'^{x) and A'^{x) are coordinate and momentum functions, respectively. The relation is 

Al{p) = (2^)-2 / Al{x)eMwx)d''x, 

Al{x) = (27r)-2 / Al{p)eM-ipx)d^P, 
Jr* 

(371) 

The adjoint of the gauge connection is, 

A^=Gai>Al (372) 
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D. Definition of the general covariance derivative operator 

Now we define the covariance derivative operator as 



(373) 



This operator has connections of gravity, connections of gauge and spin vierbcin. Thus it can describe all force fields. 
As in quantum mechanics, when acting on operators, it is represented in the form of commutating calculation, when 
acting on matter fields, it is represented as an operator acting on quantum states. 

Here we list the properties of this newly defined general covariance derivative operator. 



Da\est{x 



5'^{x-x')\est{x')d'^x' 



5^{x - x'), 



ba\est{p)) = (27r)-2 / 
{e^\p)\ba = {2n)-^ j d^p'{e^'{p + p' 
[ba,e{x)]= [ 0ii{x' 



ie^{p')p, + -K^{prsp.-^Al{p')fa 



\e,t{p + p')d^p', 



)^6\x-x')i(x')d'^x', 



[^a, J J ~ a,p I a,p I > 

[Da, Jai-'-ap] = ^a,ai'yp---ap + ' ' ' + ^a,aplo'l --P' 
[Da,Th] = —iC^bA'^Tc, 

[Da, aA + bB] = a[ba. A] + B], 

b^{A\^)) = [ba,Am + A(i)am), 

[ba,AB] = [ba,A]B + A[ba,B], 
[ba,A(g,B] = [ba,A]® B + A®[ba,B], 
[Da, A -3] = [Da, A]-B + A-[ba,B], 

[Da, AaB] = [Da, A]AB + Aa [Da, B], 
[£»a,con(i)] = con{[ba,A]), 
[ba,[A,B]] = [[ba,A],B] + [A, [ba,B], 

{[ba,A],B) + {[A, [ba,B])=Q. 



(374) 
(375) 

(376) 

(377) 

(378) 

(379) 

(380) 

(381) 
(382) 
(383) 
(384) 
(385) 
(386) 
(387) 
(388) 
(389) 
(390) 
(391) 
(392) 
(393) 

(394) 
(395) 
(396) 



The general covariance derivative operator can act on the matter fields. Let's next see how the calculation can 
be made explicitly. 

As we have already seen, the matter fields can be described in several forms below, respectively, 



I*) = |e^*) |e«) let) = / ^'\x)\est{x))d''x= j *^*(p)|e«t(ar))dV 



(397) 



By applying the operator we have, 

= ® |e.) ® let) 

D^^'\x)\est{x))d''x 

= [ D„^'\p)\est{x))d\ 
Jr* 

where the calculation should be in form 



Similar results are for the adjoint state of matter fields when we apply the operator Da, 

Jr* 

= [ rf4p(e«*(x)|D„$:,(p), 
Jr^ 



where 



2 



For gauge operator X, the covariance derivation is 

/-) v-a flA*^ vo, nC^ Y'^ VP Y"- VP Y'^ 



where we have used the notation f ^ ^ = ijisai'^ ■ 

The calculation of the derivation of the gravity field takes the form 

y _ J_y-/3i-/3<, (55 a"!-"!- 



i-0„ ' 



rt \>/3i---/3<, — apf) Y0i---0q _ fp Yf^^"'f^i — . . . — TP v'/^i'^^'g 
I f/3i -i>P'"/'<! 1 ... I -p/3, •i>/3i---p 
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Based on the general covariance derivation, the generalized divergence and curl can be defined. Suppose K is a. 
p-form antisymmetric spin tensor, we define 

DAK^ jA[D^,Kl (416) 
D-k = j-[Da,k], (417) 

(418) 

where the covariance differential takes the form ID = j^^Da- We can find that D AK is a {p+ l)-form antisymmetric 
spin tensor, and £>• ^ is a (p— l)-form tensor. So these calculations can be considered as a generalization of divergence 
and curl. 



E. Curvatures 

We then define the interaction curvature as 

{lap ^ i[Da,Dp!]-if2ijD^, 

n = (laf)®s"'^ (419) 
The interaction curvature has adjoint, is antisymmetric and satisfies the Bianchi identity, 

= -^Pa (420) 
= (421) 

ba^p-y + bpd^ci + b^iic^n = 0. (422) 

The Bianchi identity can be represented as the covariance ctirl as 

A f2 = 0. (423) 

The proof that the interaction curvature satisfies the Bianchi identity is presented as follows. 
We start from the Jacobi relation, 

[b^, [bp, b^]] + [bp, [b^, b^]] + [b^, [b^, b^]] = 0. (424) 

With the help of the definition of the interaction curvature, we have 

[b„,n0^] = i[b^,[b0,b^]]-i[ba.,fp^]bp-ifp.^[b^,bp] 

= i[b^, [bp, b,]] - zitdj'p, + r^jDDp - r^^n^p, (425) 

also 

= i[b^, [bp, b,] - z[b^, f^^^]b, - if;^[b^,b,] - f^^^n,^ - f^^^n^, 

= i[b^, [bp, b^] - mdj'^^ + f^J^,)b, - /^^f2„, + f - fP^^^Qp, (426) 
Substituting the definition of the spin connection and structure functions into the Jacobi identity, we have 

Dq,0.pj + Dpfl^fct + D^filctp 

= i ([Da, [bp, b^]] + [bp, [b^, + [b^, [ba,bp]]J 

— {Ga'^iifp^ + ^pdfifya + ^'^9f^f^f^ + fp^faa + fyafpa + fapfyaj 

^(fp-f ~ ^P,-y + ^j,p)^ap — (/7a — r^,a + ^a,j)^ISp ~ {faff ~ ^a,f3 + ^ff,a)^"/P 
= (427) 
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Note that the interaction curvature can be represented as the summation of gravity curvature and the gauge 
curvature, 

= ® V + K0 ^ Ta. (428) 

We next consider respectively the gravity curvature and the gauge curvature. The gravity curvature takes the form 

= W7 - ^P/^r^-^ + f ;;,„f 7 - f - (429) 

^ = ® ® s^-. (430) 

Va = -i9^ <»p^, + ^f^"^ «) Spa, (431) 

^^. = i[V^,V.]-i/^,VA. (432) 
The properties of the gravity curvature are hsted in the following, 



Kp = Kp, (433) 

K = -RZ^ (434) 

= (435) 

KaP + K,0^ + <aa=O, (436) 

Rpa,al3 = Ral3,pa (437) 

The Bianchi identity for gravity curvature and the contraction take the form, 

DaR^"^ + Df3Ri;i + D^Kff = 0, (438) 

D^{R"0 - ^R) = 0, (439) 

where we used the notations R'^ = R^^, R = R^ = R^^ This means 

DAR = 0. (440) 
The proof that the summation of circular of indices is zero can be like the follows, 

Ra,al3 + Ra,l3a- + R$,aa 

= (441) 
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The gauge curvature takes the form 

= e>^^d,Al - - iC,« i^i^ - (442) 

F = F«^«)s«^0f„ (443) 

The properties of the gauge curvature are Usted in the following, 

'Fli, = GabFlp, (444) 

Kp = -F^a, (445) 

DaF^^ + bpF-^ + D^F-p = 0. (446) 

In a concise form, we have 

£) A F = 0. (447) 
We may also have the square of the general covariance derivation. Some results are, 

[b^,b0m = {-iii^p + flpb^m. (448) 

For force field represented as operator H, the square of the general covariance derivation has properties, 

b^ibpH) - bp{bo,H) = H]. (449) 

The proof of this equation is presented in the following. The Jacob! equation takes the form 

[b^, [bp, H]] - [bp, [H, b^]] - [H, [b^, bp]] = o (450) 

With the help of the equations, 

[bp, H]] - [bp, [b^, H]] = [[b^, bp], h] = -i[h^p, h] + fi^[b^, h] (45i) 

we can find 

b^{bpH)^bp{bo,H) 
= [b^, [bp,H]] + fl^[b„H] - [bp, [b^,H]] - rlp[b„H] 
= [b„, [bp, H]] - [bp, [b^, H]] - fi^[b^, H] 

= -i[na0,H]. (452) 

VII. DIRAC EQUATION, YANG-MILLS EQUATION AND EINSTEIN EQUATION 

A. Dirac equation 

The Dirac equation for matter fields can be written as: 

{irba - m)|*) = 0, (453) 

where m is the mass matrix in gauge space, its eigenvalues are masses of the corresponding elementary particles. 
Similarly the adjoint matter fields also satisfy Dirac equation, 

(*|(i£>a7"-m) = 0, (454) 

The square differential of the matter fields can be represented as 

{b^b'^ - s^^Cl^p + tl^pb^ + Air ma + m^)!*) = 0, (455) 

or 

{b^b'' - R - F + tl^pbl^ + AlTrha + m')\^) = 0. (456) 
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where 



Then 



The proof of this equation starts from the Dirac equation by applying operator {—ij^Da — rh) on both sides, 

{-ij'^Da - rh) {iTDoc - m) | *) = 0. (457) 

We have 

{-iTba - m){i^^bp -m)= rbc^j'^bp + ir[ba,m] + m^ (458) 

= b^b'^ - is"f^[b^, bfi] - ti ^r^b^ 
= D^D" - s^^iCiap + iflpb^) + ti^b^ + iflis'^^b^ 

= D^D" - + t^^W, (459) 

ir[ba,m]=Airma. (460) 

{-iTba - m){i^^bi3 - rh) 

= r^bc^bff + r[bc.,¥]b^ + ir[bc.,m] + 

= b^b'^ - is«^[£>„, bp] + Ti^r^b^ - KT[Ta, M + w? 

= b^W - s'^^ih^p + iflpb^) - Vl^b^ + if^ps^^b^ - r[Ta, m]Al + rh^ 

= b^b" - s"^n^0 - Tl"b^ - r[fa, m]Al + m\ (461) 

where we have used the equation, 

Thus the squared differential equation of the matter fields is obtained. Similarly, we have 

- na^i^s"^' - bPfl^p - AlTrha + m") = 0. (463) 
We define energy-momentum tensor of matter fields as 

mx) = ^{(*|f(x)[(r£>/3+7/3^")|*)] + [(*|(^/3r + ^"7/3)MI*)} 

B. Yang-Mills equation and gauge condition 

The gauge fields Yang-Mills equation takes the form 

b-F = J, (464) 

or explicitly it can be written as, 

bjf = if. (465) 

Here the total current is written as, 

Jf=jf + M:if, (466) 

are mass tensor of gauge bosons with M| = m^, M| = M| = m^, Mj^^ = m?,p = 1, 2, • • • ,8 for gluons and 
= elsewhere, is the gauge current density defined as, 

if (x) = (vl/|£(a;)7^f„|*). (467) 
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We have made the calculations, 

d^f:" = e^.d^P:" + c:,A'^j^^ +t2,,Ff +f%F:^ 

= J^- (468) 
The conservation law for the gauge charges is 

DpJ^ = 0, 

or D-J = 0. (469) 
The proof of the conservation law of gauge charges is like the following. Due to the Yang-Mills equation, 

- ^{D0Do.~b^bp)F^P. (470) 

With the help of the squared covariance derivation, we have 

{DpDp - Dpbp)Ff 

- '-^ab^Pa^c + ^p,t}a^a + ^p,l3a^a 

— '-^abc^/la-^ + ^-tia,l3-fa 

= 0, (471) 

where we have used the properties that Cabc are antisymmetric while Ra,p are symmetric. 

We next consider the gauge condition and the mass commutation relation. Since the conservation law for gauge 
charges and the divergence of the gauge current, we can find that the gauge connections satisfy the condition, 



T^MmjiM- (472) 

This is the gauge condition. We can see that in the present work this condition is not artificial but a necessary 
condition for Yang-Mills equation. On the other hand, this equation is a restriction which indicates the relation 
between gauge mass and the mass of matter fields. 
Since mass of photon is zero. All — Oi '^^ also have 

[Q,m]= 0. (473) 

The gauge condition (|472p is always satisfied, so gauge of electromagnetic is arbitrary. 

The masses of weak charges W+, W- , Zq are not zeroes, also they do not commute with the mass matrices of matter 
fields, 

[l^±,m]^ 0, (474) 

[Zo,m]^ 0. (475) 

From Ea. (|472|) . we know that can not be zero for weak charges W±,Zd, that means weak bosons have masses. 
Additionally, the gauge condition (|472l) is a constraint. 
The masses of gluons are all m, and we know that, 

[Ap,m] = 0, (476) 

where p = 1, 2, • • • , 8. The gauge condition becomes as, 

D^iM^A'^) = b^im^A'^) = 0, (477) 

that means, 

b^A^ = 0. (478) 

This is the gauge condition for giuon field. 

The energy-momentum tensor of the gauge fields is 

= F^^F^^ - Is^pPrP^, + M-AZA'p ~ i<5^A/,Mgi^. (479) 
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C. Einstein equation and energy-momentum conservation law 

The Einstein equation takes the form, 

- ^S^R = -87rGT|, (480) 

where G is the gravity constant, Tp is the total energy- momentum tensor, R'p — R'^^ and R = R^- There is no mass 
of graviton appeared in Einstein equation, we thus mean that graviton is massless. From Einstein equation and the 
contracted tensor of Bianchi identity of gravity, we can find, 

Da{R"0 - Is-^R) = 0. (481) 
This turns out to be the energy-momentum conservation law, 

I)„f| = 0. (482) 

The energy-momentum tensor is defined as the total energy-momentum tensors of gauge fields and matter fields 

fa 

f| = f^"+£^. (483) 

We will later show that the energy momentum conservation law can also be proved by a direct calculations from Dirac 
equation and Yang-Mills equation. 

D. The unification properties of Dirac equation, Yang-Mill equation and Einstein equation 

Here we would like to present the relationships for the three fundamental equations. For convenience, we list all 
the related relations here: 

1. Dirac equation: 

(i7"£»a-m)|*) =0. 

2. Yang-Mills equation: 

3. Einstein equation: 

R%-\l>%R=-%i^Gfl. 

4. Total gauge current density: 

5. Gauge current density of matter fields: 

jf (x) = m{^)i^T^m- 

6. Total energy-momentum tensor: 

7. Energy-momentum tensor of matter fields: 
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8. Energy- momentum tensor of gauge fields: 



The general covariancc derivative operator has the elements of the gravity field, gauge fields. It corresponds to force. 
The Dirac equation means that the gravity force and the gauge forces can act on the matter fields. For Yang-Mills 
equation, we find that the gravity force has cff'ect on gauge fields, and gauge fields have effects on themselves. For 
Einstein equation, gravity can acts on itself. From the representation of gravity field, we find that gauge charge of 
graviton is zero. So gauge force does not have effect on gravity field. We can thus find that all three fundamental 
equations are involved together. One key point that those equations are compatible is that from Einstein equation, 
we can prove the energy-momentum conservation law. This result can also be obtained from Dirac equation and 
Yang-Mills equation. The total energy-momentum of matter fields and gauges fields in Einstein equation can be 
understood as the source of gravity. 

VIII. ENERGY-MOMENTUM CONSERVATION LAW AND PHYSICAL QUANTITIES 

Based on the representations and the fundamental equations. We next consider some physical quantities of the 

unified theory. By tremendous calculations, we find one important result of our theory: the energy-momentum con- 
servation law. With this result, we confirm that our theory is a compatible and combined form for three fundamental 
equations. 

A. Particle current density and spin current density 

By using matter field its adjoint and the antisymmetric matrix -y^i---"? (p=0,l,2,3,), one can construct two 
antisymmetric tensors listed as 

p'^ix) = {^i{x)rm, (484) 

(a;) = I £(a;)7"''^ | *) , (485) 

The first one p°'{x) is the particle current density, the second one p"^^{x) is related with the spin current density. 
The antisymmetric tensor fields can be represented in an unified form, 

p«i-«^(a;) = (*|£»7"i-"p|*). (486) 

This antisymmetric tensor field and its adjoint are the same due to the properties of i and -y^i - ^Pj 



pci-a^[x) = p"'-"''{x). (487) 

It is also antisymmetric. 

The results of covariance diff'erential are presented as, 

DaP"{x) = 0, (488) 
DaP^^^x) = 0, (489) 

The proof of the first one is like the following, 

^^^(a;)a^p« = ei^{x)d^{^\i{x)rm 



= -ra.^(a;)(*|£(a;)7'^|*) - i(*|e(x) (to|*)) + i ((*|m) e(a;)|*) 

■ a,/3 



= -KAx)p^{x). (490) 
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We thus have 

b^p^{x) = e^^ix)d^p"{x) + t2^p{x)p^{x) = 0. (491) 
The proof of the second one is Uke the proof of the first one and is given as, 

= (*| {[b^,T^-<]e{x)\^)) - i{^e{x)^P-< {iTbo.m) +i({^ib^r)l^^e{x)\^) 

= -tl^{xme{x)Y^''<m - ti,^{xme{x)T'-'m - tl,{xme{x)r^P\^) 

-i{^e{x)^^^ {m\^)) + i{{^m)^f^^e{x)\■^) 
= -tl^{x)p''P\x) - tl^{x)p'^''^x) - tljx)p'^f"'{x). (492) 

We thus have 

bo.p^^-'ix) 

= 0^ix)d^p''^^x) + KJx)p''l'^x) + f f ,^(x)p"^^(x) + tljx)p''f'p{x) 

= 0. (493) 

The particle current density in 4D is defined by p"{x), where p°(x) is the particle number density, p^{x), {i = 1, 2, 3) 
are the particle current density in 3D. So equation 

baP"{x) = (494) 

means that the number of particles is conserved. The 4D current density of particles with gauge indices t can be 
defined as, 

pf^ = {■^t\e{x)r\^'), (495) 

where is the t gauge element of matter fields, note that no summation is assumed in the above equation. 

The spin of the matter particles is related with S"^^{x) = ^p"^^{x), so S"^^{x) can be considered as the 4D spin 
current density. By definition, the spin current density is 

(496) 

We can find that this spin current density is antisymmetric, 

Sa0j = S^yct = S^ct0 = ~S^pct = ~Sj3cty = —Scfyfj (497) 

The divergence equations of the spin current is zero as we have proved, 

jj^S<^Pi = 0. (498) 

B. The gauge current density of matter fields 

The gauge current density and gauge charge production rate density of matter fields are defined respectively as, 

£{x) = (*|£»7^f„|*). 



Ua{x) = -i(*|TOa£(a;)|*) 

= -«(*|£»[f„,m]|*). (499) 
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Recall the definition of the gauge current density of matter fields (|467p . we have an equation, 

Daj: = Ua. (500) 

It means that for matter fields, the changing of the gauge current density equals to the gauge charge production rate 
density. 

The proof is presented below. 

-i{^\e{x)fa (i^'^Dal'f)) +i(^(^\DaTi) e(:c)fa|^') 
= -C^^(x)(vl/|e(a:)7^f,|vl,) +^C^,i^(x)(vI/|e(a:)7"Tc|*) 

-i{^\e{x)fam\'i') + i(*|mf„e(a;)|*) 
= ~KA^)^ai^) + ^C:,Ai{x)J:{x) + ua{x) (501) 

Thus we can find, 

d^j: = o^d^j^ + ri^j^ ~ - "a. (502) 

C. Energy- momentum conservation law of matter fields and gauge fields 



Recall the definition of the energy-momentum tensor of gauge fields 

1 ^„ . „ 1 

4 



f| = F^PF^p - -S^pFrF^, + M^A^A^p - -J^M.M^^. (503) 



We can find the following important property of the energy-momentum tensor of gauge fields with the help of Yang- 
Mills equation and Eq. (|i7^ . 



The proof is presented below. 



DcT^ = -J^F^p - AlK. (504) 



b^(F2PFf,^-)&%FP''F';;,) 

(i)„Fr)i^|p + K'ibJip) - \Fr{DpF;^) 

1 

'^Kp- (505) 



{D^F^nn^ + -F^^iD^F^,^ + D.F^^f, + DpF^ 



From the definition of gauge curvature and the relation between masses of gauge fields and matter fields, also Mab 
Mba,Mab = Gbb'M^A we have 



b^{MlAtAl - -6^M',AJA^^) 



1 

- D^iM'MA^^ + MlA^.b^'^p - M^A'^.bpAl + iQ,Af,^i^i^i^ 

= -A^.Ua + MlA'iF^^p. (506) 

Thus we end the proof. 

As we presented, the energy-momentum tensor of matter fields takes the form 

= \{{w{mTbp+%b-)m + m{bpr + b-^p)]e{xm} 

= lie^f^, + n + + + + Km- (507) 



We can find that the energy-momentum tensor is symmetric, 

ta,l3 = i/3,a- 

By Dirac equation, the divergence equation for the energy-momentum tensor can be calculated as. 
The proof is presented in the following. We have used the following notations, 

t'^"i^) = ^{(*|£»(ri>/3|*)) + ((*l^/37")£»l*)} 
tTi^) = ^{(*k»(7/3^"l*)) + ((*P"7/3)£»l*)}- 



So we have the expression. 



We next consider terms t'^ and t'^", respectively. 



Thus we have 



+ ((*|I)/37") {Da\^)) - {{^iDprDc) i{xm} 

= '-{mix) [(^[Dc,,r]D0+r{Da,D0]-[D0,r]Da+D0rDa) i*) 

- [{^\D„r) iix) (l>/3|*)) + {{^\Df3) six) (r^cl*)) 

-imix) (^^m|*)) +i((*|m)e» (D/j]*)) 
-i ((*|D/3) eix) (m|*)) + i ((*|ml)^) iix)\^) 

= (7"^/3l*>) + [{^(,1-^) eix)\^)} 

+\tl0{x) [rb,m) + {mb,r) i{x)m} 

+\R':pix)me{^)ir^p. + s,^t)\^) + F^pix)mix)rfa\^) 

~iAlix)meix)[fa,m]m 

= -ri^ix)tgix) + rl^ix)t'j;'ix) + U^s^Ax) + KAx)j2{x) + Aiix)u,ix) 



bj^ix) = ei^ix)d^tf{x) + tiAx)tgix)-ti^{x)t'^0{x 

2 «/3 



= \K0{x)S"pAx) + F^0ix)j^ix) + AUx)ua{x). 



Similarly we have. 
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{(f ie» [([73„,7/3]^"i*>)] } + im^mpD^b^m 
+mb"[b^,jpmx)\'f)} - mb^b^j0)e{x)\'f) 

{ri^{mx)i%D-\^)) + {m^)mR +F- f s,^^" - ^sr^a - m')m 
+ ri^mb'^%e{xm m{R +f+ wti^ + ait^, - rn^mnxm] 

+ fZ,^(x)tf (x) + + + Al{x)u,{x) (514) 



And we have 



DJiTi^) = e^{x)d,t';r{x) + Ti,{x)t"i,\x) - r2;,^(x)t7(x) 
_ 1 

~ 2 



+ ^o"/3Wja (^) + Al{x)Ua{x). (515) 



Spin current density Spaa is completely anti-symmetric tensor, the summation of gravity curvature i?^"^'" for cychc 
indices is zero, so we have 

= i(i?^'^^" + i?^"^'' + i?;'''")5p<,„ 

= (516) 
Summarize the above three equations, we have 

= Kp^^+K^a- (517) 

Comparing the Eq. (|504p of gauge fields and Eq. (|509p of matter fields, we immediately find that for the total 
energy-momentum tensor Tp = fp + t"^, there is the energy- momentum conservation law: 

D„f| = 0. (518) 

D. Leptons and quarks and related projectors 

We can define two projectors P(/) and P(^) which can project a quantum state onto special states for leptons or 
quarks, respectively. 



P(,) = 1-^P, (519) 

3: 



P(,) = ^A^, (520) 
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And the matter fields arc decomposed as the superposition of two states for leptons and quarks. 
The lepton field and quark field are defined as 

l*(0> = Aol*)' (521) 
= 4)1*)- (522) 
There is no overlaps for lepton field and quark field, so wc have the form of superposition, 

I*) = l*(0) + (523) 

Here we note that 

A2|vI/(,))=0|vl/(,)), (524) 
= (525) 
Some properties of the lepton and quark projectors can be found as 

[Ao.^J =0, 

[P(,),m]= 0. (526) 

Prom the Dirac equation for matter fields, with the help of the properties of the projectors and , we can 
find that the lepton field and the quark field satisfy the Dirac equation, respectively. 

(ir£>a-m)|f(,))=0, 

{irDa - m) = 0, 

{D^D" -R-F + t^^D'^ + A^rrha + m')|*(o) = 0, 

{D^D" -R-F + t^pDl^ + A^rrha + m')|*(q)) = 0. (527) 
Similarly for the adjoint states of lepton and quark, we also have the following results, 

(*(i)|(i£)„r-m) = 0, 
(*(g)|(i^„r-m)=0, 

(*(i)|(^„^« -R-F- b^tl^p - Air ma + rh") = 0, 

(*(g)|(D,^« -R-F- tl^^b^ - Air ma + rr?) = 0. (528) 
We then can discuss the current densities for leptons and quarks, respectively. The lepton current density is defined 

as 

p^,)(x) = |e(.T)7"l«'(o)- (529) 
We can find the the number of leptons is conserved which is expressed as the following, 

bo^pfi) = 0. (530) 
Similarly for quarks, the current density takes the form 

pr9)(^) = (*(«) (531) 

Also the number of quarks is conserved, 

= 0. (532) 

The total current density of matter fields can be expressed as the summation of lepton current density and the quark 
current density. 
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E. Gauge current densities for leptons and queirks 

The current densities with different gaug^es for leptons and quarks are also important properties. The definition 
can be simply realized by gauge operators Tq. We now define the gauge current density of lepton field as, 

j^ifjx) = {^^i^\iix)rfa\^ii)). (534) 
The gauge charge production rate density for lepton field takes the form, 

One can find that for lepton field, the divergence of the gauge current density is equal to the gauge charge production 
rate density. 

Similar properties are also satisfied for quark field. 

i(,)^(a;) = (*(,)|e»7"Ta|*(,)), 

The total gauge current density is the summation of lepton gauge current density and the quark gauge current 
density. The total gauge charge production rate density is the summation of lepton and quark gauge charges production 
rate densities, 

ja(^) = m»+JM», 

Ua = (538) 

The energy-momentum tensor of lepton field takes the form 

Hifpix) = ^{(*(ok»[(7"£>/3 +7/3£>")|*(0)] + [{^ii)\{D0r + I)"7/3M^)I*(0)}- (539) 
The lepton energy-momentum tensor satisfies the equation, 

Similarly the energy-momentum tensor of quarks is 

H,);{X) = ^{(*(,)k>)[(r^/3+7/3^")l*(,))] + [(*(,)l(£>/3r+^"7/3)]^>)l*(,))}- (541) 

The lepton energy-momentum tensor satisfies the equation, 

M,)^ = -^'aV(«):-^>(«)a- (542) 

The total energy-momentum tensor is the summation of lepton energy-momentum and the quark energy-momentum, 

i0 = Hi)0+h,)';- (543) 

IX. QUANTUM SYSTEM WITH DISCRETE SPACE-TIME, OBSERVABLE QUANTITIES AND 

PARTICLES SCATTERING 

We have presented above the unified description of the three fundamental equations. In this section, we hope to 

discuss conceptually the quantum system, and how to define the observable physical quantities in 3D space from the 
present 4D theory. We will also present the particle scattering results from the representations in this work. 
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A. Quantum system 



We next present some features of our unified quantum theory. The quantum field we discussed is generally in all 
4D coordinate space or in all 4D momentum space. This means that the coordinate and momentum take values in all 
4D spaces, x G R'^ and p G i?^. In our formulas, the integral area should be all 4D space which sometimes is omitted 
in the presentation. Here we would like to point out that the integral area should be in the following form, 

1*)=/ ^^\x)\Xst)d^X= I ^^\p)\pst)d^p 

e= [ t{x)e'^^{x)d'x= [ T^{p)e''^{p)d^p 

A= [ Al{x)iZ{x)d'x= I Al{p)i:{p)dV (544) 

jR'i JRi 

In application of our theory, what we consider are 4D coordinate space with a boundary or 4D momentum 
space Mp with a boundary. The quantum systems in 4D coordinate space with boundaries and the 4D momentum 
space with boundaries all arc systems we study. 

For boundary 4D coordinate or momentum spaces, the matter fields l^*), gravity orthogonal vierbein e and the 
gauge connection A can be expressed as, 

I*) = / ^'\x)\Xst)d^X = [ ^^\p)\pst)d^p 

e= f K{x)el{x)d^x^ j r^ip)e"^{p)d'p 

A= [ Al{x)iZ{x)d^x= [ Al{p)iZ{p)d^p. (545) 

The 4D quantum theory, in which the space-time is in the sense of general relativity, can be considered as a gen- 
eralization of 3D space plus time quantum theory. All physical quantities are considered in the framework of 4D 
theory. 

Hero wc have sonic remarks about the 4D unified quantum theory. (1). A 4D quantum system can be described 
completely by the matter wave function sl{x), orthogonal vierbein function e^(a;) and the gauge connection function 
A^. The Dirac equation for matter fields, Einstein equation of gravity and the Yang-Mill gauge equation constitute a 
complete description of this quantum system. If we know the boundary condition dM^, the solution of these equations 
are fixed then. (2). The 4D unified quantum theory is a local theory in the sense that the interactions are local which 
just depend on their neighbors. (3). For a 4D coordinate space with a boundary, the matter fields l^*) and the 
interactions F can be expanded discretely in 4D momentum space, 

« oo 

I*) = / <l>{x)\x)d''x = Y,^iPn)\Pn). 

■Im^ „=1 

p OC 

F= F{x)i{x)d''x = y^F{pn)i{pn). (546) 

And vise versa, the matter fields and the interaction fields F in 4D momentum space with a boundary, the 
coordinate expansion is discrete, 

oo „ 
I*) = ^i.Xm)\Xm) = / ^{p)\p)d^P 

oo „ 

F =Y, F{xm)i{xm) = / F{p)i{p)d^p. (547) 

m=l 

For a matter field and interaction field F existing simultaneously in 4D coordinate space with a boundary 
and in 4D momentum space Mp with a boundary, the expansions are discrete at the same time in coordinate space 
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and the momentum space, and the terms in the expansion are finite, 

AI N 



m— 1 n— 1 

AI N 



m— 1 71—1 

M I d^x I d^p. (548) 

JAIp JAI^ 

There are only finite number of quantum events for finite coordinate space and finite momentum space Mp. When 
the term quantum was first proposed, it means that the energy has an smallest unit and is discrete. In our 4D unified 
theory, we can find that the energy, momentum, space-time are all discrete. 

B. Observable quantities 

We next consider the real world observable quantities from this theory. 

In our unified theory, we can define several current densities, in which, three important quantities are the densities 
of particle current p, total gauge current J defined in Eq. (j466p and the energy-momentum tensor T. The particle 
current density is related with the number of particles, the gauge current density can be considered as the source of 
gauge fields, the energy-momentum tensor can be considered as the source of gravity. For 4D coordinate space Mx 
with a boundary and 4D momentum space Mp with a boundary, the density of particle current, the gauge current 
density, the energy-momentum tensor are defined respectively as, 

P = P"(i)7a 

p°'{x)^a£{x)d'^X 

P'^{p)lce{p)d^p. (549) 
J^{x)%f''e{x)d^x 

J:{p)j^f-i{p)d^p. (550) 

T^{x)^o.®l^e{x)d'^x 

f;^{p)%<)^¥'e{p)dV (551) 

'Alp 

We then define three production rate densities related with particle numbers, gauge charges and energy- momentum 

^^(£)9^p"(x) + t<lj^{x) = n{x) (552) 

t{S:)dJa{i) + ^Jaii) = U^) (553) 
t{i)d^f^{x) + K^^fl = pp{x) (554) 
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We define an operator on manifold corresponding to coordinate 4D space and momentum 4D space Mp, 

(b = det[e«(a;)] 

u{x)i{x)d^x 



I M. 
J A 



uj{p)e{p)<rp. (555) 



/ 



Wc may notice vicrbcin appears here, this is an indication of this theory is in general relativity curved space-time. 
The trace of this operator is the 4D volume of M^, 

uj = trtD. (556) 
In 4D space M^, the number of particles created is denoted as N, it takes the form 

N = {n, co) ~ tr (fiw) 

= (27r)^n(0) * w(0) (557) 

Similarly, the number of gauge charges created, the energy-momentum created in 4D space can be written as, 

Qa = {qa,<^), 

Pa = ij>B.oj). (558) 

Generally if we would like to describe a physical quantities in the real world 3D space with time, for example, in 
order to find the total particle numbers in 3D area V, we need to make the integral of the 3D area ^ at a fixed time 
point to, 



2c 



,to = / p''{x)d^x. (559) 

JV 



NzD 

However, the problems of this equation are: first, one element of particle current density is not general covariance; 
second, the 3D manifold V is not covariance and a fixed to is not allowed in general relativity. So the calculation for 
quantity N^n.ta is not allowed in the 4D unified theory. 

The proper method to find the observable quantities of this theory should be in covariance condition. We can 
consider to construct a covariance 4D space by using the real world 3D space V and a real world short time period 

= V^(8) [to,to + Ai]. (560) 
The observable quantity like particle number takes the form, 

L. p°(x)Lo(x)d'^x 

{N) = • (561) 

Thus from 4D unified theory, all observable quantities in the real world can be understood as the average quantities 
by a short time period At. Similarly, the gauge charge and energy-momentum in 3D space V can be written as, 

_ /^^ J°,{xMx)d^x 

/„ T^ixMxJd'^x 
(P/3) = . (562) 



C. Particles scattering 



We next will first briefly present a summary of the representations of matter particles, gauge particles and graviton. 
Based on those representations, we will then consider the results of scattering of those particles. As we all know the 
particle scattering process can be described well by Feynman diagram method, our representations are based on those 
results and on the other hand those representation can deduce easily the particles scattering results. Those results 
agree with the results by Feynman diagram method. 

The following is a summary of the representations of particles. 
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1. The state of matter particles takes the form, 

\est{p)) = \p) ® \s) ^ \t), (563) 

where p G i?"* is the momentum, s — 1,2,3,4 is the spin, the spin representation space is Vs{^, 0) ® Vs(0, so 
the matter particles are spin-^, t = 1, 2, • • • , 48 corresponds to 48 classes of matter particles. 

2. The gauge particles are denoted as, 

e2ip)^eip)^r^Ta, (564) 

where p & is the momentum, a = 0, 1, 2, 3, the spin representation space is ^) and so they are spin-1, 

a = 1,2,-- - ,12, this means that there are 12 classes of gauge particles. 

3. The graviton is denoted as, 

e7,(p) =£»®7"® V> (565) 

where p e R^, a, p,a — 0, 1, 2, 3, the graviton is spin-1. Here we have a particle corresponding to vierbein, its 
representation is written as, 

e^(p) =£»®7"®Pm> (566) 

where a — 0,1, 2, 3, the spin representation space is Vs{^, ^), the gauge charge of this vierbein particle are 0, it 
is spin-1. 

With those representations, we next present the scattering matrices. The 3-vertex scattering matrices for matter 
particles and action particles, which include gauge particles, graviton and vierbein particles, are written as, 

{e^^'^{p2)\e2{ps)\e.,tAPi)) = irrsl{fats\p^ +P3 -P2). (567) 

This is the case of scattering between matter particles which are fermions with the gauge bosons. Explicitly, we can 
see the initial state is \esiti{pi)} defined in (|563p which has 4 x 48 choices for gauge and spin altogether, the gauge 
boson (|564p has 12 x 4 choices, the final state is still a matter particle. The right hand side of the equation is the 
scattering result. 
Also we have, 

{e^^'^ip2WpAP3)\es,tAPi)) = irSp.)ZSHpi +P3~P2), (568) 
This is the case of scattering between matter particles with the graviton. 

(e^^*np")|e^(p"')|e.,t,(p')> = irYslp'^SHp + P'" - P")- (569) 

The case describes the scattering between matter particles with the vierbein particle related with the propagation of 
matter particles in curved space-time. 

The 4- vertex scattering matrices represent the scattering between action particles and action particles, 

{eatiPi)Jal{P3),^TAP2),e:i{Pl)) = V'''"'v"'"'Ga,aC^,^kCla,5\pi + P2 + P2 ' Pi) ■ (570) 

The middle two particles £"1(^3), e"! (^2) are two gauge particles, each of them can also be graviton and vierbein 
particle, so altogether there are 9 cases. For example, we can change the second particle as vierbein particle, the 
4- vertex scattering matrix is, 

(CHp4),CMp3),C(P2),£XHpi)) = '7"'"^'7"'"^G,,,C,=3,pi^(54(pi +p, +p2~Pi). (571) 
Those are the basic scattering matrices, other cases can be deduced from those results. 

X. SYMMETRIES AND SYMMETRIES BROKEN AND DARK ENERGY 

The energy-momentum conservation law provides us a concrete foundation to confirm our unified theory. Based on 
our theory, some fundamental problems may be studied. We next consider several questions. 

Symmetries and symmetries broken play a key role in modern physics [l9| . They are also important in studying 
the physical implications of our theory. In this work, the key parameters are those involved in the three fundamental 
equations (|453l464l480p . Explicitly they are: Y^) ,D,M ,ih. For definitions, see |^') in (|324p . derivative operator D in 
(I373p . and mass related operators rh for matter particles in (I262p . M for gauge fields in (|298p . 
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A. Unitary transformation 

According to the representations, we can define the general transformations as 



U = exp[-i(a^i'^ + 6% + a + ^u^^Sc^^ + Cfa)]. (572) 



Under this transformation, \^),D, M, rh will be changed as. 



b UDU-\ 
M UMU-\ 

m UmU-\ (573) 



Here we define the unitary condition as 



fj-'^ = U. (574) 
With this unitary transformation, the three fundamental equations remains the same. 

B. Mass matrices of elementary particles, color confinement 

For gauge theory, physical quantities should be gauge invariance. For the unified theory of this work, all fields 
represented by vectors and operators are gauge covariance. Still by proper representations, physical process and 
physical quantities are gauge invariance. 

A key feature of our theory is that the general mass matrices are defined in gauge space as, 

m = m\,\et) ® (e* , 

M = M^fa<»f^. (575) 

We do not need each element of m and M be fixed. However, the observable physical quantities including mass are 
still gauge invariance. By comparison in conventional gauge theory, each element m\, and of the mass matrices 
are gauge invariance and mass in gauge theory is introduced by Higgs mechanism by gauge symmetries breaking. 

Mass matrices are representations in gauge space and the only restrictions are three fundamental equations. Thus 
in principle, any kind of mass matrices are allowed if no experimental facts are violated. In this sense, no gauge 
symmetries breaking is necessary to create mass. So we mean Higgs mechanism is not necessary in this theory. We 
remark that the mass matrix itself is gauge covariant while the observable mass which corresponding to eigenvalues 
of mass matrix are of course should be gauge invariance. From the proof of the energy-momentum conservation 
law, what we use is only the conditions Mab — Mi,a, rh^ = rh, no Higgs particles are necessary to play a role in the 
energy-momentum tensor. 

From the form of mass matrices, we may notice that there exist a symmetry in color charge space. Explicitly, the 
mass matrix is SU{3) invariant, for color charges Tq, a = 5, 6, • • • , 12 or Xp,p = 1, 2, • • • , 8, as we already seen that, 

[T„,m]= 0. (576) 

Thus the solution of the three fundamental equations has this SU{3) symmetry for free boundary condition. Suppose 
we have a solution presented as, 

I*) = / ^^\x)\e,t)d^x. (577) 

JR* 

We know that the unitary transformations U by the color charges on the solution is still a solution, 

A' = uAu-\ 

I*') = /7|*). (578) 
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Since the existing of this SU{3) symmetry in color charge space, we will never be able to distinguish a single color 
state by only mass since this will break this SU (3) symmetry. This also means, a single color quantum state which 
corresponds to a single color quark will never been separated and observed. What we observed is always a coherence 
of all three color states. This is the result of color confinement. The color confinement is due to the symmetry of 
mass matrices. While for weak interactions, no such symmetry exists so there is no confinement. The reason of 
confinement is based on the symmetry of mass matrices whose definitions are based on experimental results in gauge 
space as in Eq. (|262p and in Ea. (j298p . and also no Higgs mechanism is necessary, it is thus easy to understand why 
there is confinement in color space but no confinement in weak space. Gluon is connected only with quarks, the 
color confinement also implies the confinement of gluon. Explicitly, in the above equations, A' = UAU^^ implies the 
confinement of gluons, and |^') = U\'9) implies the confinement of quarks. 

Mass is always a basic question in physics. Einstein's mass-energy equation E = mc^ is well known. In quantum 
field theory, we have p^p'^ = vn? . By this equation, we may understand that mass is defined in momentum space. 
However, this form is in general not true in the present theory. What we have is due to the square differential of 
Dirac equation as in Eq. (|456|l . it reduces to form p^p^ = rm? only in special case for a free field. 

C. Parity violation for weak interactions 

The left chiral projector and the right chiral projector are defined respectively as, 

Pl = + 

Pr = \i^-f)- (579) 



Those two projectors satisfy the relations. 



PiL)=PiR), 



P(B)-PiL), 
PiL)T=TP(R), 
P(R)r^rP{L), 
[P(L),Do.] - [P(fl,),^„] =0, 

[P^L),rn\ = [P{R)M=^- (580) 



So the left chiral field and the right chiral field can then be defined as. 



The properties can be found as, 



i*(L)) = PiLm. 

= P[Rm- (581) 

f l*(L)) = ( + l)l*(L)), 

75|*(fi)) = (-l)|*(i)). (582) 
The adjoint states have following relations, note that L and R are exchanged, 

= (vI'|P(i), 
l^iL)\l' - (*(L)I(-1), 

{^(R)\f = (*(fl,)l( + l)- (583) 
When applying those projectors onto the Dirac equation, we have the equations, 

irDc.\^(R))^m\'^(L)), (584) 
iTDc,\^iL))^M'^iR))- (585) 
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For adjoint states, we have 

(*(fl)|£)„r^ = (*(L)|m, (586) 
(*(i)|D„ri = (*(fl)|m. (587) 

The isospin doublet projector and the isospin singlet projector are defined as, 

Po = -P, 

n g , 

Ps = ^-p^ (588) 
here, P is the summation of squares of three elements of isospin. We can prove that, 

P{D)=P{D), 



PiS)=PiS), 



[P^D),Dc.] = [P(S),£>a] =0, 

P(£,)m = mP(s), 

P^S)m = mP^D)- (589) 
The isospin doublet state and the isospin singlet state are 

|*s) = -PsI*). (590) 
Applying the projection onto the Dirac equation, we can find two equations, 

irDa\^iD))=M'^(S)), (591) 
n"£'a|*(S)) ='?i|«'(D)). (592) 
Next we define two new projectors corresponding to normal particles and anomaly particles, respectively, 

P(a) = P{L)PiD) + PiR)PiS) = ^(1 + fH), (593) 
Pin) = P(R)P(D) + PiL)PiS) = ^(1 - fH). (594) 

We can find the following properties for those two projectors, 

Pia) = P{n), 

P{n)=P{a), 

Pia)r = rPin), 

P{n)r=rP(a), 
[P^a),Da\ = [P(„),^a] =0, 

P{a)rh = mP(n), 

P^^n)rh = mP(a)- (595) 
The quantum states of normal particles and anomaly particles are, 

!*(«))= (*(a)l = (596) 
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We can find that the normal particle state and the anomaly particle state satisfy the Dirac equation, respectively, 

irDal^ia)) =rh\^ia)), (598) 
i7"^„|^'(„)) =m|^'(„)). (599) 

Since normal particles and the anomaly particles independently satisfy their Dirac equations, the type of normal 
particles and the type of anomaly particles do not evolve into each other. The particles in our world are all normal 
particles, there does not exist anomaly particles. We know that chiral left state only corresponds to isospin doublet 
state, while chiral right state only corresponds to isospin singlet state. Since the chiral left state involves into the 
weak interactions, chiral right state does not involves into the weak interactions, the consequence is that for weak 
interactions, there is only chiral left state. This is the conclusion that there is no parity conservation law for weak 
interactions [2]| . Here we can see that the parity violation can be explained naturally in our theory. 

D. Gravity and CPT violation 

CPT is a combined transformation of charge conjugation, space reversal and time reversal. It is known that the 
Standard Model are symmetric under CPT transformation. Here we would like to discuss the relationships between 
gravity and CPT violation. 

Since the theory of this work is in the framework of general relativity, there is no independent space reversal and time 
reversal. What we have is a combined PT reversal, the momentum operator transforms as, — *■ —Pfj,, = 0, 1, 2, 3. 
We define the charge conjugation transformation as, 

fa -> -fa. (600) 

Under CPT transformation, we have 7" —> —7", while spin operators remain the same Sap — > Sap. Recall the 
definition of the general covariance derivative operator in p73p . Da ~ —i&a ® + i^a'^ ® ^p<^ ~ ® fai ^^'^ also 
consider that always the form 7"-Da appeares in fundamental equations, it transforms as 

7"£'a -iB'iT ®P^- ^rS"7" ® sp. - iiS7" ® fa- (601) 

One may notice that the first and the third terms are invariant under CPT transformation, while the second term 
which is related with gravity field changes its symbol from positive to negative. Also we know that m, M are invariant. 
Consider that 7"£'q involves into Dirac equation and Yang-Mills equation, we can conclude that the gravity field will 
cause CPT violation. In case T^^ — 0, which means there is no gravity field, the CPT symmetry remains. 

In general it is considered that the CPT symmetry represents the symmetry between particle and antiparticle. The 
result that gravity will cause CPT violation means that gravity is not symmetric for particles and antiparticles. This 
is understandable since gravity force is always attractive for particle and antiparticle. 

E. A dark energy solution 

The observed evidences [2^ . [23j show that the expansion of the universe is accelerating. Also, by the data from 
the Wilkinson Microwave Anisotropy Probe (WMAP) and other teams, the universe is flat, homogeneous, and 
isotropic and the distribution of baryonic matter and radiation, dark matter and dark energy is approximately: 4.5%, 
23% and 72%. The dark energy is homogeneous, nearly independent of time and the density is very small which is 
around pA = 10~^^ g / cm^ . The dark energy is not known to interact through any of the fundamental forces except 
gravity. The gravitational effect of dark energy approximates that of Einstein's cosmological constant, it has a strong 
negative pressure which can explain the observed accelerating universe. Still there are some other models about it. 
Presently it seems that there is no general accepted quantum theory of dark energy, actually the Planck energy density 
which is the expected candidate is about 120 orders of magnitude larger than the dark energy. 

Based on the unified theory of the present work, here we propose a dark energy solution. We assume: (a) There is 
no matter or matter particles, \'^) = 0, j° = 0; (b) There is no gravity F^"' = 0; (c) The gauge potential is constant, 
d/iA^ = 0. Recall the definition in Eq. (|442p . we find the gauge curvature now takes the form 

Kp = -^C-bcAiA% (602) 
Substitute the gauge curvature into Yang-Mills equation in (|464p . we have. 



(603) 
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- tCS^A'^^F^^ = M^A^. (604) 

Thus the equation is, 

- = M^A^. (605) 

One solution of this equation is — 0, it is trivial and we do not discuss it. Next, we shall consider the solution, 

- CS,C2A'''^Ai = Mt. (606) 

Consider that, 

= -M',AtA% (607) 
where the solution (|606p is used in the last equation. Also we have, 

FrP;^ = -Mrf'A^A^. (608) 
Substituting those results to the energy-momentum tensor of gauge fields ([479]), we can find that, 

r^" = -^S^pM^APAl. (609) 

The explicit form of this energy-momentum tensor depends on the solution of equation (|606p if the exact mass matrix 
is given. Please note here this energy-momentum tensor will provide a cosmological constant. 
Next, we assume: (d) The candidate of dark energy is related with the elementary particle gluon. For this case, 
the mass matrix of gluon takes the form, 

M° = m^J", (610) 

where m is the mass of gluon, with the help of the solution of Yang-Mills equation (|606p . we have, 

= -CS^C^^A^'^At 
= ^glGMA'''"Ai 

- -glA'^Ai, (611) 

where gs is the coupling constant as presented in (|214p . Consider also the form of mass matrix of gluon, the energy- 
momentum tensor of gauge field is, 

4 

Tfl 

Recall our assumption (a) which means the energy-momentum tensor of matter fields is zero, the total energy- 
momentum tensor is 

Ta,l3 = r]a/3^, (613) 

where rjap is the Minkowski metric. Please note that no boundary condition is used to obtain this solution, and it can 
be assumed to be valid for universe. Recall the Einstein equation in (|480p . it is now clear that the energy- momentum 
tensor here (|613p corresponds to Einstein's cosmological constant. So we conclude that the density of the dark energy 
PA is, 

4 

m 

P. = ^. (614) 

In Standard Model and also in our theory, « 1.22, consider that the density of the dark energy pA « 10~^^ g/cm^, 
we can estimate that the mass of gluon is around 10~^ey ~ 10~^eV. It is theoretically accepted and experimentally 
confirmed that the mass of gluon is zero, here we can see that the estimated mass of gluon is very small thus it should 
not have detectable effects on present experiments. 

Let's list some properties of the present theory of dark energy and show that this result is reasonable. 
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1. The elementary particle gluon does not interact through electrical force, does not have weak interactions, its 
mass is very small. And further there is the confinement of gluon due to color confinement, A free gluon is 
thus impossible or hard to be detected directly in experiments. The solution of gluon is a 0-mode solution, 
the momentum is zero since of the constant gauge potential (c) and correspondingly it does not change in 4D 
coordinate space. That means it is invariant in 4D space-time and the gluon will not cause any energy excitation, 
it is like the vacuum state. Except gravitational effects, our theory shows that there will be no interactions 
available now and in the future. All of those agree with the properties of dark energy. Here we would like to 
emphasize again that the unified theory of the present work itself does not assume that the gluon is the only 
candidate for dark energy since Ea. (|609p always provides a cosmological constant like energy-momentum tensor. 
However, the dark energy is generally not assumed to be any matter particles including neutrino, it seems not 
photon by observation. We may consider the weak interaction bosons W±, Zq, but they seem too heavy to be 
related with the dark energy. We may roughly estimate that pA ~ ~ ^O'^^eV^, it is around 10^^ g/cnt^ 
which could be a candidate for black hole or the early state of universe but not the dark energy, where 52 ~ 0.65, 
Because of the above reasons, we consider that gluon should be the most possible candidate. 

2. We can find that the energy-momentum tensor with our assumptions plays the role of Einstein's cosmological 
constant. The present observations for dark energy, for example in WMAP [22|, prefer to the cosmos model of 
cosmological constant with equation of state parameter w = —1 within 14% level. Our theory of dark-energy 
explains well the origin of the cosmological constant. 

3. The mass of gluon in Standard Model is generally assumed to be zero, here we find that the estimated mass 
of gluon is very small which is reasonable for present particle experiments. The Standard Model which is very 
successful theoretically and experimentally still remains correct. Of course as we mentioned, a massive gluon is 
allowed in our 4D unified theory. 

4. We would like to remark that our solution of Yang-Mills equation does not use any boundary condition thus it 
can be applied to case of universe. It is a fixed constant solution of an equation. On the other hand, for this 
existing solution of Yang- Mills equation, the cosmological constant is a reasonable explanation. 

5. To find a solution from Yang-Mills equation, we make several assumptions based on the observable facts of 
universe. The fact that there is no matter available corresponds to assumption (a). The universe is flat, 
homogeneous and isotropic, this is corresponding to assumptions (b) and (c). Those assumptions also lead to 
the fact that cosmological constant has an origin from quantum effects and is independent of gravity. 

6. We finally comment that the present theory of dark energy shows that our 4D unified theory which is a unification 
of quantum mechanics and general relativity can simply explain the dark energy well. This theory should be a 
complete theory. Let us emphasize again the structure of our theory: we first have representations, then we use 
three fundamental equations to find the results. 

XI. CONCLUSIONS AND DISCUSSIONS 

Our theory based on the cornerstones of physics, such as the Dirac equation of quantum mechanics, Einstein general 
relativity of gravity and Yang-Mills gauge theory. The results deduced from our theory agree well with many basic 
facts of physics: such as those already presented in abstract of this work: (1) Graviton is massless; (2) Mass problem 
of gauge theory is explained well; (3) Color confinement; (4) Parity violation; (5) CPT violation; (6) Dark energy 
can be explained well. Also please note that our gauge representations agree with the basic results of the Feynman 
diagram quantum field theory. 

Our theory is a unified theory which combines the general relativity and quantum mechanics. This is not only a 
long dream in physics, but also it provides a theory for things like black hole or early stage of universe where both 
general relativity and quantum mechanics are important. One may already see, as we have presented, the dark energy 
is a large scale phenomenon of universe where the general relativity is important, we provide a reasonable explanation 
from quantum scale of Yang-Mills equation. The origin of cosmological constant is from the elementary particle. 

Two foundations of our theory are; first wc formulate three fundamental equations in the framework of general 
relativity; second we provide a proper definition of mass; the problems solved in this work generally depends on a 
correct concept of mass. We may also notice that gauge condition in gauge theory is in general not arbitrary except 
for massless particles such as photon for electromagnetic field. 

Here let us discuss further the problem of mass. Our opinion is that the Higgs mechanism is not necessary. The 
reasons are the following: (1). From our theory, we may find that mass is defined naturally in gauge space instead of 
defining by momentum. In particular, no Higgs particle is introduced, actually from the proof of energy-momentum 
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conservation law, as we mentioned, there is no role of Higgs particles. (2). Our theory does not allow a spin-0 
elementary particle since it does not interact through gravity, while the Higgs particle is spin-0. (3). We have three 
kind of gauge conditions respectively for massless photons, massive weak interaction bosons, and gluons. The gauge 
is arbitrary only for massless photons case of electromagnetic field, while the gauge conditions are equations which 
should be satisfied for weak interaction bosons and gluons, the necessity of Higgs mechanism does not exist. We thus 
prefer the idea that Higgs particle does not exist. On the other hand, one may argue that the mass matrices m, M 
defined in our theory might also be explained as from the Higgs mechanism. Our idea is that since mass matrices 
are defined in gauge space depending on experiments, if still an explanation of those matrices is necessary, or further 
to discuss the origin of mass, Higgs mechanism is now not a must. Let us note that the experiments for searching of 
Higgs particles are on going at Fermilab and will soon become operational in Large Hadron Collider (LHC) at CERN. 
As we know the masses of Higgs bosons below WAAGeV were previously excluded. The result of Fermilab excludes 
Higgs bosons between IQQGeV ~ llQGeV [25]. The LHC is designed to make proton-proton collisions at an energy 
of ITeV per beam which can scan lO^^eV^ of Higgs particles in electroweak theory thus it should provide a definite 
answer whether Higgs particles exist or not. If no Higgs particle is found in LHC while we still believe in it, one might 
go to lO^^ey or higher to test grand-unification-thcory or super-symmetry theory with gravity. 

Our theory provides a new framework of quantum theory. We expect there may be two directions for the future 
of our theory. On the one hand, we need to check whether our theory agrees well with all well-established physical 
facts, experimentally and theoretically. On the other hand, while our theory is proved to be powerful, we still need 
to find some new predictions from our theory. Our comment is that with a new foundation of quantum physics, we 
expect that there will be a lot of new results. 

We understand that quantum field theory has already been well established. However, its problem is also well- 
accepted, the main results are in general relies on the approximation methods. Our theory is exact: we have the 
representations of fields and interactions, their properties are governed by three equations, Dirac equation, Einstein 
equation and Yang-Mills equation, then we are led to observable quantities. The equations themselves are exact. In 
this sense, our theory is quite simple. This theory turns us to the similar route as the Newton classical mechanics: 
all are governed by equations. 

A brief introduction of the quantization of gravity is presented in Ref . {26j . The present work is a detailed presen- 
tation of the whole theory. A brief presentation about mass of gauge field will be published elsewhere [23| . 

Finally let us recall that the proposed theory provides an unified framework for three fundamental equations. It 
could be falsified, but it could not be fudged. To end this paper, we comment that we intend to use the little to get 
the big, in Chinese, it is to throw out a brick to attract a jade. 
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APPENDIX A: APPENDIX 

For self-consistent and convenient, we present the notations, foundations and some detailed calculations of this 
work in this appendix. 

1. Tensor representation 

The Ist-order tensor space T(l) is a n-dimensional space spanned by basis {e,}, (i = 1, 2, • • • , n). A Ist-order tensor 
K can be expanded by this basis as 

K = K'si, (Al) 

where summation over repeated lower-upper indices is assumed. 

The r-th order tensor space T(r) is the tensor product of r Ist-order tensor spaces, 

T{r)=J{®T{l) (A2) 

r 

The space T(r) is spanned by basis {eij...,^} expressed as, 

eii-v = (g) • • • e,^, (A3) 

where ii, • • • , v = 1, 2, • • • , n. The r-th order tensor can be represented by the this basis as, 

K = K'^-'-e,,...,^. (A4) 

The tensor product of a r-th tensor K and a s-th tensor M is a r + s-th tensor which takes the form 

K (3 M = K^'---^-ei,..4^ ^ M^'---^'ej,...j^ = K^'---^-M^'--^^^ (A5) 

The tensor K is symmetric if the tensor remains invariant by permuting the indices of its elements K^^"'^''ei^...i^. 
It is antisymmetric if there is an negative symbol by odd permuting of the indices and remains invariant by even 
permutation of the indices. The basis for anti-symmetric tensor can be expressed as 



On-i. = (A6) 
where please note the definition of the generalized Kronecker symbol ^^^. '/fj takes the form 

... 



(A7) 



When the upper indices is an even permutation of the lower indices, S^^,',',fj is 1, it is —1 for odd permutations and 
for other cases. Any antisymmetric tensor can be expressed as, 

ttr = ^a''-'-9i,...i^, (A8) 
r! 

where parameter a'^ "*'' is antisymmetric. For n-dimensional spaces tensor product together, the highest antisym- 
metric tensor is rank-n antisymmetric tensor. The direct summation of all rank antisymmetric spaces constitute a 
antisymmetric space. The summation of the ranks is 2", 

A = A°e---eA", 

dimA = dimA" H h dimA" 

= c'^ + c'^ + ... + c: 

= 2". (A9) 
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Besides computing multiplication and summation, we can define wedge in this antisymmetric space A, 

apApq= '-^^J^' Ap+giap /3g), (AlO) 

where 

is the anti-symmetrized operator, for odd permutation a, sgn{a) = —1; for even permutation a, sgn{a) = 1. Wedge 
has the property, 

apA/J, = (-l)P«/3gAap (A12) 

2. Metric, covariance tensor and contra-variance tensor 

Suppose K, M are the rank-1 tensors in space T(l), the scalar product of those two tensors is a rank-0 tensor, i.e., 
a number, and satisfy the equation, 

K-M = M-K. (A13) 
The scalar products between n rank-1 tensor basis in T(l) can constitute a n x n matrix which is named metric: 

Qij = a ■ Bj. (A14) 

It is obvious that gij is symmetric, 

9ij = 9ji- (A15) 

Generally, we demand that the rank of the metric matrix is full, that is its determinant is non-zero, 

det{gij} ^ 0. (A16) 

With the help of the metric, the scalar product of two rank-1 tensors can be represented as, 

K ■ M = gijK'M^. (A17) 

For a tensor, there is two different indices, the upper indices and the lower indices. The lower indices is called 
covariance indices, and the upper indices is called contra-variance indices. If a tensor only has covariance indices, 
it is called covariance tensor. A tensor which has only contra-variance indices is called contra-variance indices. If a 

tensor has both covariance indices and the contra-variance indices, it is called mixed tensor. The metric gij is called 
covariance metric, g^^ is called contra-variance metric. They satisfy the equations, 

9ik9'' =9'''9ki=Si. (A18) 

Metric can be represented as a rank-2 symmetric tensor as, 

G = g'^eij. (A19) 

By using contra-variance metric g*-' and the covariance metric gij, we can realize the rising or lowering the indices of 
a tensor. For example, for a rank-1 tensor, we have, 

e' = g'^ej, (A20) 

Ki=gijK\ (A21) 

K = K^Ci = Kie\ (A22) 

And for a rank-2 tensor, we have, 

e^=5^^e,,-, Kl=g,,K^\ (A23) 



g^'g^'e,,,, Kw = g^,gi'J'K^\ (A24) 
K = K'^' en, = Kf e], = Kn, e"' . ( A25) 
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If the rank of a tensor is larger than 2, the contraction calculation can be made to this tensor and the rank will 
decrease 2. For example, the contraction of a rank-2 tensor may be performed as, 

coni^ = gijK'i = Kl = g'^ Kij . (A26) 

The contraction for a rank-3 tensor may be performed as, 

conK = gijK'^'^ek = iff = g'^K^jCk. (A27) 

In general, the contraction for a rank-r (r > 3) can be calculated as, 

conK = coniK'^'^'^-^'-e,,,,,,...,^) = g,,,,K'''-''-'^ e,,,,,,...,^. (A28) 

The tensor transformation is generally defined by the basis transformation. Suppose there are two sets of tensor basis 
{cj} and {ci'}, = 1,2, - ■■ ,n). The transformation between these two sets basis is defined by the transformation 
matrix {L^}, 

ei = L^er,. (A29) 

The inverse transformation can be found to be 

e',, = L-^\,eu (A30) 
where L~^\, is the inverse transformation matrix and satisfy the equation, 

L-i;Li=5^ (A31) 
A general tensor can be expanded in two sets of basis, 

K = Kt::(^:.. = Kt:4;::.. (A32) 

The transformation between two basis takes the form 

eC;;:. = i-^tLf •••et;.. (A33) 

So the transformation between the elements of the tensor is, 

K't: =I^L-'l---Kt::. (A34) 

3. Matrix 

The matrix calculation obey the standard law of mathematics. Suppose A, B are two n x n matrices, the inner 
product of the two matrices is defined as, 

{A, B) = tr (its) = a*^bij (A35) 

where the upper index f means to take a matrix transposition plus complex conjugation. The inner product of 
matrices has the properties: 

>0, 

{A,B) = {B,A)*. (A36) 

If the inner product of two matrices is zero, {A, B) — 0, we say these two matrices are orthogonal. 
In n X n matrix representation space, we can introduce ortho-normal basis, 

e;, Z = 1,2,- • • ,n^, 

{ei,ei,)=tY{e\ei,) = 5iv. (A37) 



An arbitrary n x n matrices can be represented in terms of this basis as, 

A = Aiei, 

where the coefficients in the expansion can be calculated as, 

Ai = {f-i.A) =tr{ejA). 

Suppose F{x) is an analytical function, that is F{x) can be expanded by Taylor expansion. 



1=0 

the matrix function F{A) is defined as, 

oo 

F(i)=^/(Oi'. 
The matrix similarity transformation is defined as, 

A' = lAl-'^. 

The matrix unitary transformation is defined as, 

A = LfAu'i, 

where U is an unitary matrix UU^ = I, I is the identity. 

4. Pauli matrices, Gell-Mann matrices 

The Paluli matrices are defined as, 

1 \ . / 1 



^° - I 1 j ' ^1 - V 1 ; ' 
-A , / 1 



Some properties of Pauli matrices can be listed, for example, as. 



tr (cr^CT^) = 2(5^^, trcTi = 0, 



The 3x3 Gell-Mann matrices take the forms, 



-i 

1 




Ao = ^ 1 , Ai = M 1 , A2 = i I i 
voVnni/ ^ \ ^ 



1 / 1 \ ^ 1 

As = -1 , A4 = - 

/ \ Q Q Q / Z 



,,000\ j/000\ ,/ioo 

Ae = ^ 1 , Ar = - -i , Ag = 1 

^\010/ ^\0i0/ 2V3 \ -2 












^0 







• 





















/ 









/ 
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Note that for convenience, the Gell-Mann matrices here is sUghtly different from the standard Gell-Mann matrices by 
a whole factor i . 

The properties of the Gell-Mann matrices can be listed as, 

tr (Aj,A,) = ^6pq, (A47) 
trAp = 0, {p^ 0), (A48) 

[Xp,Xq]=ifpqrK, (A49) 

a/6 

{Ap, Xq} = dpqrXr + —6pqXo, (A50) 

where fpqr and dpqr are completely anti-symmetric, the non-zero elements are, 

/l23 = 1, 
f -f 

/458 — /678 — -^j 

/l47 = — /l56 = /246 = /257 = /345 = — /367 = (■'^Sl) 



and 



C^llS — C^228 — dsss — —ds88 — 



^/3' 

di46 = rfl57 = —d247 = C^256 = C^344 = ^355 = " f^366 = —d^rr = -, 

^448 = (^558 = C?668 = "0^778 = (A52) 

5. Vector and its adjoint 

A vector \a) has an adjoint {a\ represented as, 

(a| = jo). (A53) 

It has the property, 



ailai) + a2|o2) = al{ai\ + 02(02!. (A54) 

Each vector of basis {le^)} has its adjoint and they all constitute a basis {(ej|} for the adjoint space V, so the adjoint 

of \a) = a*|ei) takes the form 

(a| = a*'{ei\. (A55) 
The metric of a linear space V is defined by a basis {|e,)} and the adjoint basis {(ei|} by their inner products, 

9ij = {ei\ej). (A56) 
We know that gij = g*^, and also we demand that the metric matrix is non-degenerate, 

det{ffy } ^ 0. (A57) 

If all eigenvalues of metric gij are positive, it is the positive metric, and all eigenvalues are negative, it is negative 
metric. If the eigenvalues have both positive and negative symbols, it is the indefinite metric. If the metric can be 

expressed as gij = ±Sij, we say the metric is normalized. 

The inner product of vectors |a) = a*|ei), |6) — V\ei) can be expressed by the metric matrix, 

{a\b) = a*'{ei\ej)b> = a*'gijV. (A58) 
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As usual, the metric with lower indices is called the covariance metric, the metric with upper indices is called contra- 
variance metric which is defined below, 

{9''} = {9ijr'=9-'- (A59) 

So we have 

Qikg'"' =9'''9ki = 5{. (A60) 

One may find that 

(a|r»>0, (A61) 

this is because, 

{a\g-^\a) = gikg^^a*'a^ = Sja^'a^ > (A62) 

The metric g and its inverse can be used to realize the rising and lower the lower and upper indices. For simplicity, 
we denote the vector is expressed in terms of covariance basis {|ei)}, the adjoint vector is expressed in terms of the 
contra- variance basis {(e^ |}, so we have 

{e^\e,)=5], 

(a| =a*\ei\ = a*{e% 

0'i=a ■'gji, 

{a\b) = a*b\ (A63) 
6. Operator space 

A m-dimensional linear space V tensor product with its adjoint space V constitute an operator space. The basis 
of the operator space can be constructed by the basis {|ej)} and the adjoint basis {(e^ |} as the following, 

\ei)(^{e^\, = 1,2,- ■■ ,m), (A64) 

where (e*| = g^-' {ej\ = g'^^Cj). An operator A can be expanded in terms of this basis, 

A = A}\ei)(E){e^\. (A65) 

The behaviors of the operator is the same as the matrix. The follows are some of the properties and some notations, 

\a) {b\ = a'b*\ei) (e^|, 
AB = {AiB^)\ei)®{e^\, 

[A, b]=Ab- bA, 

{A, B} = Ab + bA. (A66) 
The adjoint of the basis of operator space takes the form, 

|ei)0(eJ| = |e^) O (e^l = g'^gik\ei) O (e*^]. (A67) 
The adjoint of an operator can be expressed as, 

I = g'>'A*igij\ei) ® (e^| = ® (e^|, (A68) 

where we define, 

X=g"^A*igi^. (A69) 
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The adjoint of operators satisfy the properties, 

I = i, 



A\a) = {a\A, 
aA = a* A, 

AB = BA. (A70) 

We can find the adjoint of an operator is related with the hermitian conjugation of this operator by the metric matrix 
as, 

A = g-'A^g. (A71) 

The inner product of the operators is defined as, 

{A,B} = tr(lB) =A;Bi 

= g'^gijA^iBj. (A72) 
The properties of the operator inner product calculation are listed as, 

{A,B)^{B,A)*, 

{A,pB + -fC)=^{A,B)+j{A,C), 

{aA + l3B,C) =a*{A,C)+(3*{B,C). (A73) 

Operators A, B arc orthogonal if there inner product is zero, {A, B) = 0. 
The identity operator is denoted as, 

/ = \e,) (g) {e'\ = \e') (g) {al = g'^\ei) ® {ej\ 

= 9ij\e'}®{e'\=g. (A74) 

The inverse of an operator is defined as, 

A-^A = i. (A75) 
And as usual the power zero of an operator is the identity, 

i° = I. (A76) 
Suppose function F{x) is analytic, the function of an operator is defined through Taylor expansion as, 

oo 

F(i)=^/(Oi' (A77) 

By applying the identity operator / = |ej) (8) (e*| on a vector |a)and on its adjoint, or on an operator, they will be 
expanded by basis \ei), 

\a) = {\e.)^{e^)\a)=a%), = (e>), 

(a| = (a|(|ei) O (e'|) = a*{e'\, a* = {a\ei) = a*^ g^, 

A = {\ei) ® (e^|)i(|e,) (e^|) = ^le^) (e^|, = (e^|i|e,). (A78) 

For the identity operator in another basis / = |e^) (e"|, we have similar results. The transformation between those 
two basis can be obtained as, 

h) = (K)0(e'^|)|e,)=L||e;.), (A79) 
where L\ = {e^\ei) gives the definition of the transformation elements, and also we have 

L = i'i = U'^e\)®{e^\. (A80) 
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The inverse of the basis transformation takes the form, 

|e^) = (|e,-)®(e^|)|e;)=L-i^|e,), (A81) 
where L~^l = {e^\e^) and can be represented as, 

L-i = J/' = i-i;.|ei)® (e'^"|. (A82) 
The transformation matrix and its inverse have the relations, 

L-']Li = (e'|e;.) ® (e'^|e,) = (e'|efc) = 61 (A83) 

that is L~^L = I. We also have, 

L-'i = (e'le^) = {e'j\er 

= 5y5''=(e"|efe) = g^'Ll^g'tj = (A84) 

1 = L-^. (A85) 

7. Metric transformation 

With basis {|e-)}, the metric can be defined as, 

gnj = {e"\e'^). (A86) 
By inserting an identity operator / — g''^\ek) {ei\ into this equation, we can have, 

g"^ = g^'ie'lek) ® (e;|e'^) = ^''(e'iefc) ® {e''\ei)*. (A87) 
For different basis, the metric transformation takes the form, 

g"i = Lig^'L*^. (A88) 

In a concise form, it can be rewritten as, 

g' = LgD. (A89) 
In a different basis, a vector can be expressed as the following, 

\a)=a'\e,)=a"\e'>, = \a'), (A90) 

where the coefficients a* and a" 

a'^ = (e'>) = {e''\ej) O {e^\a) = L^a^ , (A91) 
a' = (e>) = {e'\e'j) ^ {e'^a) = L-^]a'^ . (A92) 

Thus the vector transformation has the form, 

\a') = L\a). (A93) 
Please note that vectors \a) and |a'( are actually one vector in different basis. Similarly for adjoint vector (a|, we have 

{a\=a*{e'\=a'*{e''\ = {a'\, (A94) 

where a'* = a*jL~'^\, a* = a'^Lj, and 

(a'l = {a\L-\ (A95) 
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The operator transformation has the following results, 

A = 4|ei) (e^l = A'j\e';) ® (e'^'| = A'. (A96) 

We can find that 

A'i — Ti Ak T -l' 

A) = L-^\A!ti^\. 

k=LAL-^. (A97) 

Next we will present some results concerning about the transformation for some calculations, 

(a|a) +/3|6))' =a|a') 

(a(a|+/3(6|)' = a(a'|+/3(6'|; 

(a>') = (a|6), 

[a A + = ak + 

(i|a))' = i'|a), 

((a|i)' = (a'|i', 

(is)' = i'B', 

[i,B]'=[i',B'], 

{i,S}' = {i',B'}, 

deti' = deti, 

tri' = tri, 

(i-iy = i'-i, 

[F(i)]' = F(i'), 

(I)'=I^, 

(i',B') = (AS). (A98) 
Those results can be easily proved, for example, 

(a'|6') = (a|L-iL|6) = (a|6), 

I' = i-iiL = LXl-^ " P)' ' 

(i', B') = tr(I'S') = tr[LlL-iLBL-i] = tr(Is) = (i, S). (A99) 

8. Direct sum and direct product 

The direct sum of the m-dimensional space V\ and the n-dimensional space V2 is a (m + n)-dimensional space, 

V = V^®V^. (AlOO) 

Similarly the adjoint can have the same result, 

y = Yx®Y^. (Aioi) 

For operator space 0\ = V\® V\ and O2 = V2 (8) V2, the operator space O = V ®V has the decomposition, 

O^Ox® 02- (A102) 

The vector space Vi has basis {|ei)}, the metric is denoted as gw, = 1,2,--- ,m), additionally vector space V2 
has basis {\Ej)}, the metric is Gjj', {j,j' = 1, 2, • • • , n). The basis for the direct sum space V = Vi © V2 should be, 

{\ek)} = ih)} U = \ei) = \ei), \em+j)} = m)}, (A103) 
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where fc = 1, 2, • • • , m, m + 1, • • • ,m + n. The metric {rikk' } of direct sum space V can be found to be, 

Vkk' ={9ii'}®{Gjj'}. (A104) 
The basis of the adjoint space V can be written as, 

(£'='1=/'=^. (A105) 

The operator basis of the operator space O takes the form \e'^ ) (g) {ek\- 

The direct product calculations for spaces and operators obey the standard method, like the following, 

= Oi(E) O2, 

{kfe)} = {kfe>; |£«(»-i)+j> = h) (8) \Ej)}, 

Vkk' ={9ii'}®{Gjf}. (A106) 
9. Lie algebra 

We next present some basics of Lie algebra and some particular concepts and calculations which have been used in 
this paper. 

Suppose A is a finitc-dimcnsional linear space over F, and we also defined the commutation calculations on A, then 
A is a Lie algebra. The dimension of the Lie algebra is the dimension of the linear space, denoted as dimA. 

We can define three kind of cak;ulations, plus, number multiplication and commutation. This defined plus and the 
number multiplication constitute the linear space. The commutator of two elements of A is denoted as For 
arbitrary X,Y, Z G A and arbitrary numbers a,b € F, the commutator calculations have the properties, respectively 
listed are closed condition, linear and anti-commuting, 

[X,Y]eA, 

[aX + bY, Z] = a[X, Z] + b[Y, Z], 

[X,Y] = -[Y,X]. (A107) 

The Jacobi equation takes the form, 

[X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = 0. (A108) 

If all elements of the Lie algebra are commuting, then A is Abel algebra. 

Ai is a subspace of Lie algebra A, and the commutation calculation of elements in Ai is closed, then Ai is a 
subalgebra of A. 

If Ai is a subalgebra of A, and for arbitrary Xi E Ai and X G A, we have G Ai, then Ai is called the ideal 

of A. Lie algebra always has two ideals, {0} and itself A. 
If A has no fixed ideal, it is called simple Lie algebra. 

If there is no non-Abel ideal which is not {0}, this Lie algebra is called semi-simple Lie algebra. The semi-simple 
Lie algebra can be decomposed as the direct sum of simple Lie algebras. 

Given two Lie algebras Ax and A2, suppose Air\A2 = {0} and for arbitrary Xi £ Ai,X2 & A2, we have [Xi, X2], 
the direct sum can thus take the form, 

A = Ai®A2 = {X,X = Xi+ X2, XiGAi,X2G A2}. (A109) 

We can find that ^ is a Lie algebra, the dimension of A is the sum of dimensions Ai and A2, dimA = dim^i -|-dim^2, 
both Ai and A2 are ideals of Lie algebra A. 

Suppose A and A' are two Lie algebras, / maps A to A', and for arbitrary X,Y G A, there exist f{X), f{Y) e A' 
and satisfy 

f{aX + bY)=af{X) + bf{Y), 

f{[X,Y]) = [f{X),f{Y)], (Alio) 

we mean A and A' are homomorphism, / is a homomorphism map. If there exists an one to one homomorphism map, 
A and A' are isomorphism. 
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For a given Lie algebra A, we can introduce a complete set basis, 

{4},a=l,2,--- ,A (Alll) 

An arbitrary element X can be expanded by this basis, 

X = xHa, (A112) 

where x"" ^ F are the coefficients in the expansion. The commutation relation of the basis can be represented as, 

[ia,ib]=C2bic, (A113) 

where C^^ are the structure constants. There are altogether (dim^)^ structure constants. One can check that the 
structure constants satisfy the relations, 

ab — ^iai 

C^bC!, + CtCl, + Cifil, = 0. (AIM) 

For a given basis, the structure constants are fixed. A given Lie algebra A can be defined by a set of basis \ta\ and 
the structure constants. 

With the help of the structure constants, the Cartan metric of a Lie algebra can be defined as, 

gab = 9ba = Gifil^ = Cl^Ct. (A115) 

A Lie algebra is semi-simple, the necessary and sufficient condition is that the Cartan metric is non-degenerate, 

detjgah} 7^ 0. For an Abel algebra, Cartan metric is always zero, g,,;, = 0. 

In our 4D unified quantum theory, we can define a generalized metric Gab for Lie algebra. 

1. For a simple algebra, the generalized metric G^b is defined as, 

Gab = Gba = 99ab = qG^A (A116) 
where g G R,^0 is a. non-zero real constant, gab is the Cartan metric of simple algebra. 

2. For a semi-simple algebra, if it can be constitute as the direct sum of n semi-simple algebras, and the Cartan 
metrics for each simple algebra cire Qa\h\i ' ' ' iQanhn'' th-G genefcilized metric is defined as, 

Gaihi = Qldaibi', 
* * * ) 

Gar,b„ = dnganbn^ (A117) 

where gi,--- ,5(„ e i?,7^0. 

3. For an Abel algebra, the generalized metric can be defined as. 



Gab Gba^ 

det{Gab} 0, (A118) 



where Gab can be arbitrary real number. 



Thus, for arbitrary Lie algebra including semi-simple Lie algebra and the Abel Lie algebra, the generalized metric 
is non-degenerate, det{Gaf,} ^ 0. Thus we can introduce an inverse for this generalized metric, 

G'^^'Gbc = ^l. 

Aab 

G"^ = , (A119) 

det{Gab}' ^ ' 

where A"''' is the algebraic complement of element Gab- 
We define the covariance structure constant as, 

Gabc = GadGt (A120) 
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We can find that the covariance structure constants are completely antisymmetric, 

C'abc = Cbca = C'cab = ~dcba = ~(^bac = ~Cacb- (A121) 

The contra- variance algebraic basis is defined as, 

fa ^ Qabj:^_ (A122) 

The rank-n, (n > 2), Casimir operators take the form, 

Cn = C'^lbAlb. ■ ■ ■ GtlbJ^'i^' ■ ■ ■ i"-- (A123) 
In particular, for n = 2, the Casimir operator is, 

C2 = C'^:,CtlJ''H'^\ (A124) 

One can prove that, 

[Cn,ia]=0- (A125) 

The number of independent Casimir operators is equal to the rank of this Lie algebra. 

10. Vectors and operators associated with Lie algebra 

Lie algebra A is defined as a linear space, it can be considered as 1-form Lie algebra tensor space, 

r(l) = A. (A126) 

The tensor basis is {ia} in this apace. 
We then can define the direct product space of r Lie algebra spaces A as the r-form Lie algebra tensor space, 

T{r) = '[[(g>A. (A127) 

r 

The tensor basis takes the form, 

4i...a. =4i V (A128) 

The direct sum of all r-form(r = 0, 1, • • • ) spaces constitute the Lie algebra tensor space, 

oo 

T = ^eT(r). (A129) 

r=0 

We next present several examples of the Lie algebra tensor: 

A constant a can be considered as the 0-form Lie algebra tensor. 

An element X of Lie algebra can be considered as the form-1 Lie algebra tensor, X = x^ta- 
The metric of a Lie algebra can be considered as the form-2 Lie algebra tensor, 

G = G"-% ® ib = Gabi" ® P . (A130) 

As we already known, the rising and lowering of the indices can be realized by the metric matrix. 
Structure constant can be considered as the type-3 Lie algebra tensor, 

C = Cj" ® ? ® 4- (A131) 

The Lie algebra tensor is similar as the convention tensor, and wc can define calculations like plus, number mul- 
tiplication, tensor product, contraction. Additionally, we can define the commuting calculation for the Lie algebra 
tensor the convention tensor. The commutation relation for ta and iai- is, 

[ta, tai---ar] = ^aai^c---ar H + ^laT^ai-'-c- (A132) 
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Two different basis of the Lie algebra A can be transformed to each other as, 

t — 

i'; = (A133) 

By the transformation between two different basis, the Lie algebra expansion coefficients, structure constants and 
metric changed as the conventional tensor transformations, 

(A134) 

Under this transformation, the calculations of plus, number multiplication and commuting are invariant. The definition 
forms of metric and the Casimir operator are invariant. That means that the calculations of Lie algebra and the 
properties are independent of the choice of basis. 





— 1 


^ab 


= A-^^A-^ 


G'ab 


= A-i^A-i 


^/ab 


= AI^A^G"^'^ 



11. The representation theory of Lie algebra 

Suppose M is a set of n x n matrices on with the definition of the matrix plus and number multiplication, M 
constitute a it? dimension linear space. For X,Y G M, the matrices commuting calculation can be defined as, 

[X,Y]=XY-YX. (A135) 

The commutation calculation defined above satisfy the conditions like closed, linear, antisymmetric and Jacobi relation, 
and thus M is a n^-dimension Lie algebra. It can be named as the matrix algebra. 

Given a Lie algebra A, if we can find a homomorphism map / from ^ to n x n matrix algebra M, this map / can be 
considered as a linear representation of A if additionally the following conditions are satisfied: consider for arbitrary 
X,Y &A, there exist f{X),f{Y) e M, and 

f{aX + bY) = af{X) + bf{Y), 

f{[X,Y]) = (A136) 

f{X) is the matrix representation of X. The linear space V of the matrix algebra M is the representation space of 
Lie algebra A. The dimension n of space V is the representation dimension of Lie algebra A. The basis of V is the 
representation basis. Lie algebra A can be denoted as V{f) or simply V. 

In order to give Lie algebra A a representation V{f), we need three conditions: 

(1) . There is a representation space V. 

(2) . The representation matrix f{X) can be given. 

(3) . The representation can be found to be a homomorphism. 

Suppose V{f) is a representation of Lie algebra A, for arbitrary different two elements of A, M has two different 
corresponding matrices, this representation is called faithful. Otherwise it is not a faithful representation. 

Suppose Vi(/i) and Vi(/i) are two representations of Lie algebra A, the direct sum of those two representations 
can be defined as: First, the representation space V{f) of the direct sum is the direct sum of the two representation 
spaces of and 1/^2 (/2), 

^ = ^10^2. (A137) 
Correspondingly, the dimension of the direct sum representation space is the sum of the two dimensions Vi{fi ) and 

V2{f2), 

dimV{f) = dimyi(/i) + dimy2(/2). (A138) 
The representation matrix is the direct sum of two representation matrices. 



/(X)=/i(X)®/2(X). 



(A139) 
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The homomorphism of the representation V{f) can be proved in following, 
[fiX),f{Y)] = f{X)f{Y)-f{Y)f{X) 

= {fi{x) e MX)) [my) e MY)) - (my) e MY)) (mx) e MX)) 

= [mx)MY)) ® [mx)MY)) - ® {my)Mx)) 

= [MX), MY)]® [MX), MY)] 
= Mx,Y]®Mx,Y] 

= f[X,Y]. (A140) 
Here we have used the following relations, 

[MX), MY)] = MX, Y], 
[MX), MY)] = MX, Y], 

V{f) = Vi{M®V2{M- (A141) 

If a representation can not bo expressed as the direcit sum of two representations, this representation is a irreducible 
representation, otherwise it is a reducible representation. If all irreducible representations are given for a Lie algebra, 
it is equivalent that all representation of this Lie algebra are given. 

Suppose Vi{fi) and V2{f2) are two representations of Lie algebra A, the direct product V{f) can be defined as 
follows: 

The direct product representation space is the direct product of two representation spaces of and ^2(72), 

V = Vi(^V2. (A142) 
The dimension of the multiplication of two dimensions, 

dimy(/) = dirndl (/i) x dimV2(/2). (A143) 
The matrix representation is defined as, 

f{x) = Mx)(g>i2 + ii(^Mx), (A144) 

where Ji and I2 are identity operators on space Vi and V2, respectively. 

The homomorphism of the direct product representation can be proved as follows, 

[/(I), /(f)] = fiX)fiY)-fiY)f{X) 

= ® /2 + /i ® MX)) [my) ^i2 + h® MY)) 

- (my) <^ /2 + /i o MY)) (mx) ®i2 + h® MX)) 

= [[MX)MY)] ® /2 + MX) ® MY) + MY) ® MX) + A ® [MX)MY)]) 

- ([MY)MX)] ® /2 - MY) ® MX) - MX) MY) -h^ [MY)MX)]) 

= [/i (X) , A (y )] /2 + A ® [f2 ix),MY)] 
= Mx.Y]<si2 + ii<»Mx,Y] 

= f[X,Y], (A145) 

where we have used, 

[MX), MY)] = MX, Y], 
[MX), MY)] = MX, n 

V{f)=Vi{M'^V2{M- (A146) 

Suppose a Lie algebra is a direct sum of two Lie algebras A = Ai (B A2, V^(/2) are representations of Lie 

algebra Ai and A2, respectively, 

V{f) = Vi{M<^V2{M- (A147) 
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V{f) is the representation of Lie algebra A, the dimension is 

dimV{f) = diniyi(/i) x diniy2(/2). (A148) 

Suppose Xi e Ai and has the matrix representation /i(Xi), similarly X2 & A2, the matrix representation is /2(^2), 
we can find that X = Xi + X2 & A, the matrix representation takes the form, 

/(X) = /i(Xi)0 72+/0/2(X2), (A149) 

where h and I2 are identity operators of spaces Vi and V2, respectively. The homomorphism of this representation 
can be proved in the following, 

[fiX),f{Y)] = f{X)f{Y)-f{Y)f{X) 

= (/l(Xl) /2 + /l /2(X2)) (/l(yi) /2 + /l f2{Y2)) 
- (/i(Yi) 72 + /l f2{Y2)) (/l(Xi) 72 + /l /2(^2)) 

= [/i(Xi)/i(yi)] 72 + f2{X2) + /2(F2) + /l [/2(X2)/2(F2)] 

-[/l(yi)/l(Xi)] 72 - /l(yi) f2{X2) - /2(y2) - A [/2(r2)/2(X2)] 

= 72 + h [/2(X2),/2(y2)] 

= /i [Xi , Fi] 72 + 7i /2 [X2, ^^2] 

= /[^,^^], (A150) 

where 

[/i(Xi),/i(yi)] = /i[Xi,yi], 

[/2(X2), /2(y2)] = f2[X2, %]. (A151) 

12. Vector representation and operator representation 

Suppose A is a Lie algebra, the algebraic basis is {ta}, the structure constant is C^;,, consider that V{f) is a 
representation of A, V can be considered as a vector space, and thus V{f) can always be considered as a vector 
representation. We can introduce a set of vectors as a basis of space V, 

{|e,)},i = l,2,--- ,dimF. (A152) 

With this vector basis, the algebraic basis have the corresponding matrix representations, 

f{ia) = (£a)}|e,)0(e^"|, 

{iafj = {e'\ia\ej). (A153) 
The commutation relations can be expressed as, 

[/(4),/(4)] = c,v(4), 

- (4)K4)i = c^abiicYk, (A154) 

The relation between the algebraic basis and the vector basis takes the form, 

ia\ei) = {Dilej). (A155) 
We can have the adjoint vector representation V{f). The adjoint basis in space V takes the form, 

{(e'|},z = 1,2,--- ,dimy. (A156) 
In the adjoint basis, the algebraic basis has a matrix representation as, 

7(4) = (4);|e.)0(e^|, 

(4)} = {e%\e,). (A157) 
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The commutation relation takes the form, 

[fita)Jih)]=C^aJ{ic), 

(4)}(4)i - (4)}(4)i = C^ab{ic)l (A158) 
The algebraic basis and the vector basis has a relation, 

{e% = (e^'|(4)}. (A159) 

We can find that actually the vector representation matrix f{ta) and the adjoint vector representation matrix f{ta) 
arc actually the same. For simplicity, we may directly denote he matrix representations and the operator by the same 
notations, 

= 7{ia) = ia = {iaYjlei) ® {e^ I . (A160) 

The operator representation 0{f) is in the representation space O = V(^V constituted by the vector representation 
space V and the adjoint vector representation space V. The basis of the operator space is denoted as, 

{|ei)g)(e^|}, i,i = l,2,--- ,dimV. (A161) 

For operator representation 0{f), the action of algebraic basis representation f{ia) is defined by the following com- 
mutation relation, 

/(4)|ei)®(e^| = [ia,|e,)®(e^|] 

= ia\e,) (g) (e^'l - |e,) ® {e^ta 

= {ia)^\ek)®{e^-\e,)^{e^\iia)i 

= [iia)'lSl-SnL)i]\ek)®{e'\. (A162) 
So we can find the algebraic basis matrix representation takes the form, 

= ia®i-i®t^, (A163) 

where the upper indices means the matrix transposition. Note that for matrix representation, the operator repre- 
sentation and the basis representation is not the same. 

With help of the Jacobi relation deduced from the commutation relation, we can find that, 

[ia, [4, \ei) (e^'l]] - [4, [ia, \ei) (e^'|]] = [[4, 4], \ei) (e^'O 

= C:Sc,\ek)<^{e% (A164) 

Thus we can find that f{ta) satisfy the homomorphism condition, 

f{ia)f{ib)-f{ib)f{ia) = [/(ta),/(4)] 
= f[ia,ib] 

= C^Jiia). (A165) 
The homomorphism can be proved directly by the matrix representation, 

[f{ia),f{ib)] = f{ia)f{ib)-f{ib)f{ia) 

= {ia^I-I® tl){ib ®I-I®tl)-{ib(i)I-I® i[){ia / - / ij) 

= (44) ®I-ib®tl-ia®tl + 1® (t^il) 

= [4, ib]®i-i® [ia, ibf 

= f[ta,tb] 

= ClbKic)- (A166) 
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The adjoint representation space of Lie algebra is the Lie algebra space itself, 

V = A. (A167) 
The basis of the adjoint representation is the algebraic basis tb, 

[ta,ib] = C'abic- (A168) 
The matrix representation of the adjoint representation is the structure constant, 

(ia)fc = Cab' 

ia = {{Qt}- (A169) 

Since the structure constants satisfy the Jacobi relation, we can find the adjoint representation satisfy the homomor- 
phism condition, 

(4)c ~ (4)c = ^ie^bc ~ ^be^ac 

— ^ab^cc 

= c:,(ie)i (A170) 

The direct product of r Lie algebra representation space of A constitute r-formtensor space, 

rM = ]J®A (A171) 

r 

The tensor basis of T^'') takes the form, 

4i...a. =4i ® (A172) 
The action of on tai - o^ is defined b the commutation relation, 

[taitai---ar] — (-"aai^c-'-Ur + ' ' ' + CaaJ-ai-'-c- (A173) 

The representation matrix of ia by tensor representation, 

ia = {{ia)l} ®h®---®ir+h® {{ia)l} • • • O /r + • • • + A O ^2 • • • {{ia)l}, (A174) 

where /i, /2, • • • /r are dimA x dim A identity matrices. 

The relationships between Lie group and Lie algebra can be found in textbooks of group theory, generally speaking, 
the behaviors of Lie group G near the unit identity e is described by the corresponding Lie algebra, 

A^G:g = exp(ii'), X&A,g£G. (A175) 



13. The Lie algebra used in 4D unified quantum theory 

In 4D unified quantum theory, we have used three Lie algebras, the coordinate-momentum algebra Axp, the spin 
algebra As and the gauge algebra Ag 

The coordinate-momentum algebra A^p is a 9-dimension Lie algebra, the algebraic basis is constituted by 4D 
coordinate .i^, 4D momentum p,y and the identity. The coordinate- momentum algebra is a very special algebra, its 
not Abel, cannot be represented as the direct sum of simple Lie algebras. 

The spin algebra As is a 6D Lie algebra. Its algebraic basis is the 6 spin elements s^/j, it has the structure of Lie 
algebra D2- The spin algebra is a semi-simple algebra and can be represented as a direct sum of two algebras Ai, 

As = A^®A2. (A176) 

The gauge algebra Ag is a 12D Lie algebra. Its algebraic basis is constituted by hypercharge Y, isospin charge 

li and color charge Ap. The hypercharge Y is the basis for a u{l) algebra, three isospin charges li provide a basis 
for su{2) algebra, eight color charges Aj, constitute a basis for su{2>) algebra. The gauge algebra is the direct sum of 
u(l),su(2) and su(3). 



Ag = u{l) ® su{2) ® 5^(3). 



(A177) 
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14. 4D (5-function and convolution 



The 4D (5-function is defined as, 



Its properties have the following, 



5^{x) = 6{x°)S{x^)6{x'^)6{x^). (A178) 



^{x')d%x-x')d^x' = *(a;) 

J d^{x)d^x = 1, 

S^{-x) = S{x) (A179) 
The definition of the partial differential of the ^- function and its properties can be found as, 



/ 



S^Hx-x') = ^S{x -:,'), 

n-')^,5\x-x')d^x' = 



/ 



■^5^{x)d^x = 0, 
-^5^{-x) = -^5\x) (A180) 



We also have, 



exp(ip-a;) = exp{ip^x'^), 
j exp(ip • a;)rf*p = (27r)^(5*(a;), 

J exp{ip-x)d'^x = {2n fS\p). (A181) 
The 4D Fourier transformations take the form 

= {2tt)~'^ J ^{x)exp{ip- x)d'^x, 

$(x) = {2Tr)-^ J ^{p)cxp{-ip- x)d^p. (A182) 

The derivative of the Fourier transformation and its multiplication can be written as, 

d ~ f 
- — = (27r)~^ / ix^^{x)ex.p{ip- x)d'^x, 
(^Pn J 

P^^Hp) = (27r)-M i—^{x)exp{ip-x)d'^x, 

/Pi 
~i—^p)exp{-ip-x)d^p. (A183) 

The Fourier transformations of the 5-function take the following form, 

exp{ip ■ x') = j 5'^{x — x') exp(ip • x)d^x, 

5'^{x — x') = (27r)^^ / cxY>{ip ■ x') exj>{~ip ■ x)d'^p, 



S'^{p — p') = {2tt) j exp{—ip'-x)exp{ip-x)d'^x, 
exp{—ip' ■ x) = J 5^{p — p') exp(— • x)d^p. (A184) 
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The 4D convolution is defined as, 

F{p) * G{p) 

The properties of the 4D convolution are listed as, 



F{p')G{p-p')dy. 



F{p) * G{p) = G{p) * F{p) 
F{p)*[G(p)*H{p)] = [G{p)*F{p)]*H{p) 
F{p) * [G{p) + H{p)\ = F{p) * G{p) + F{p) * H{p) 

Suppose F{p) * G{p) = K{p), we can find that, 

F{p - p') * G{p) = F{p) * G{p - p') = K{p - p'). 

The derivative of the convolution is, 



d 
dPi^ 



[F(p) * Gip)] 



d 
dp^ 



Fip) 



* G{p) = Fip) * 



d 
dp^ 



Gip) 



The convolution of the 4D J-function take the form, 



F{p)*S{p) = F{p), 



Fip) * -^6ip) 



d 
dPij. 



Fip). 



The Fourier transformation of the convolution. 



F(a;)G(x) 


= (27r) 


F{p) * G{p) 


= (2^) 


F{x) * G{x) 


= (27r) 


F{p)G{p) 


= (2^) 



iJ4 



Fip) * Gip) exp(— • x)d'^p, 
F{x)G{x)] exp(ip • x)d'^x, 
F(p)G(p) expi—ip ■ x)d*p, 



F{p)G{p) = (27r)-2 / [F{x) * G{x)] exp{ip ■ x)d'^x. 
Jr* 



(A185) 
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